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Material Propertisn: 


Вар = modulus for extenaton-comprension along the axis of the bar 


sihe 


= total area of cross section 4 
= aon of enon ange 
= math of hetan zach [egt 
теме өзіме 
= warping constent 
= constant depending upon orons section. properties, see 
Bq. (20.4) 
= height between. the canterLines of the flanges 
= nonent of inertia of ench flange about уча 
7 polar monent of inertia of the агава section 
T fourth nonent of inertia sbout the shear center, вое Eq. (10.0) 
= helt the polar moment of inertia about the sheer center 


= munorfoal shape factor for cross section 

= Length of the benm 

= thickness of each Палае 

= holmes of tho web 

= atatical monent with respeot to noutzwl өліп 
= displacement along the length of the bar 


= Young's modulus 


= shear воба 


а 

5 
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= shear modulus of orthotropio material 
= foundation modulus in torsion 
= mass density of the material of the beam 


= moment in onch flenge 

= net bending moment in the cross section 

= axial compressive losa 

= torsional buckling 1684 

БЕЛЕТ 

= external vincous force per unit length acting along the 
sides of the Палео opposing warping 

= shear force due to bending in the flanger 

= external torque per unit length of the beam 

= a constant equal to the static torque 

= torsional couple 

= B+ Ry = total torque 

= warping torque 

= х-йїярїлсөзөпї of tho top flange center lino 

= s-Aiaplncenent of a point in the top flange 

= angle of trist 

= nomad function of ff 

= contribution of shear strain to the angle of twist 

= angle of tint when ghenr strain hao beon nogleoted 

= warping angle 

normal funotion of ^j 
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in х, у and а directions respectively 
‘Tax “ Baximun shear stress in flange bending 

Ж = shear strain at the center of the flange, жо 

6, = s-component of strain 


Buszzios and Matrices? 

F = transformation matrix for displaceuenta whose elemonta 
fare funotions of x, y and в 

O = transformation matrix giving the straina in terme of 
generalized 4isplaossonts: 

5 matrix of materiel constants 

I е зона 1008 natrix 

R= ома atttmenn natrix 

= total naso matrix 
» E = ocium matricos of generalized dtaplaconenta 


и # = column veotors of amplitudes of generalized displacenenta 
“зон stability cosffioient matrix 

= Kinetic energy of tho strained bar 

ы = componenta of the dteplacenent vector 

U = total strain energy 

¥ t potential energy 

2- "matris of stresses 

Ew natrix of айгаа 
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48 сни. ку лае 
= дун 11? = ломанай inertia таамаг 
2 0008/80, = warping parameter 

= ratios of eigen values (ne te 


7n 
a? = BIX AGI? = shear менг 
ын 
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TA 
= Go / Fr) = atnenatontens tine 
= ®/ = non-dimensional bean length 


ЭЭН 
% = и 1/2 КАРР л, 
пе "сал, 
€. tus 
4 2, 
= FljP/130, = ки. Lond paramotor қ 


p OTRA, = өлімші мемле 104 peresetae. 


а 
AT = РТИ, = романе 1604 parameter 
212577 


= к/а, = foundation parameter 


2 
А a = Iaa? = critica frequoney paramotor 


DF Ға, = frequenoy paraseter 
шал 


= bar velocity = (8, p) 

= shear wava velocity = (0, И р ЯЛ 

= phase velooity for torsional waves 

БЕЯ 

= node namber 

= Number of seguente into whioh tho beam 18 subdevided 
= natura frequency of vibration in radious per unit tine 
tine 

= Linear period of toratond vibration 

= nonlinear period of torsional vibration 

= nomial function giving the shape of mode of vibration 
= positive real quantities (nei 3) 

= torsional esplitude in non-linear analysis 

~ torsional damping constant 

= warping damping constant 


= torsional excitation function 


= a function of tine in non-linear analysis 
= error function 

+ variational operator 

= wave шім = 2х. 

= torsional excitation frequency 


vii 


Л. = wavelength 
Salient sysbols are listed above. Other symbols are defi- 
mei in the body of tho thosis as and when they appear. 
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This thesis presents some analytical studies of linear and 
non-linear torsional vibrations and stability of uniform thin- 
walled beans of open section resting on continuous elastic foun- 
mabjeoted to a time-invariant axial compressive load 1а- 
eluding the effeote of Longitudinal inertia and shone deformati. 


Baned on the Tineshenko torsion theory, the problem of linear 
torntonal vibrations and stability of uniform lengthy thin-walled 
Venna of open section resting on continuous elastic foundation | 
subjected to a tine-invariant axial compressive 1084 18 analyzed 
‘emotly by using the method of separation of variables, The fre- 
quency or buckling loa and normal mode equations are derived for | 
‘various end conditions. Approximate expressions are derived for 

‘the toraional frequency and buckling Loads using Olerkin's tech- 
nique. Tho results presented for some typical boundary conditions 
Feysal that for lower nodes, the increnge in the foundation раса. 
eter increases the frequency parameter significantly ant the 

increase in the axial 1084 paraneter decreases the frequescy pare- | 
meter considerably. Tie combined influence of axial load and 
foundation parameters is observed to be the superinposition of 

the individual effoots on the frequenoy of vibration. | 


Pintto element formulation of the probles of free torsional 
‘Vibrations of thin-walled beans of open section resting on cone 
timous elastic foundation is algo presented. The stiffness and 
consistent mass matrices are derived and the eigen valus problem 


ахь 


ia formulated. The eigen удово obtained by finite-element 
method compared favourably well with the exact values oven for 
а coarse subdivision of the beam into віх elements, A digital 
computer programme is written for obtaining the resulta for the 
frequenoy parameter for various boundary conditions. 


As the corrections due to second order effe 
Amportance if the effect of cross 
22 


а zay be of 
dona] dimensions on fre- 
of vibration are desired, an emot amalyaia ia pronen- 


‘tod for free torsional vibrations of short thin-walled beams of 
open section including the effects of longitudinal inertia and 
hear deformation. New frequency and normal mode equations are 
derived for six common types of sinple and finite beana, 


ам. 
ione of the frequency equations for sone typical boundary oon- 
ditione are obtained оп a digital computer. The individual 
effecta of longitudinal inertia and өвөөг deformation on the 
torsional frequencies of a simply supported bean are shown gre- 
мову. The torsional frequency values ant the modifying 
quotients for the first four sodes of vibration for sone typical 
boundary conditione are presented in tabular form suitable for 
design une; showing the combined effects of longitudinal inertia 
‘and shear deformation. Approxinate frequency equations for some 
‘typical end conditions mre obtained using Galerkin'n technique 
Tt te observed that the effect of shear deforantion ts to 
ease the stiffness of the bean ала ths resulta in corresponding 
Aeorease of naturel frequencies. The decrease is relatively 


‘sani compared to the Алегенев due to warping; however, the impor- 


а 
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| ‘tance of shear deformation appears when higher frequenoi 
are considered. 


A £ixite-elenent formation of the problen of freector- 
1980 vibrations of short thin-walled boano of open seotion 
fostuding the effeote of Longitudinal inertia ала shear defor- 
‘sation is alec presented, The corresponding stiffness ant ness 
matrices including these second omer aftects are derived. The 
‘eigen values obtained by the finite element method comparet 

| very well with the exact values even for a coarae gub-Aivielon 
9f the bonm into three elements, A digital computer programe 
18 written for obtaining the resulte for tho frequenoien and 
ode shapes for various end conditions. 


ue problem of forved torsional vibrations of thin-walled 
вала of open section is studied including the effects of longi- 
tudinal inertia and shear deformation. Viscous damping forces 
arising separately fron torsional and warping velocities are in- 
elude 


Tue two coupled, fundemental equations of motion are 
formulated in termo of angle of twist and warping angle. The 
ной of solution 19 demonstrated for arbitrary external tor- 
que for the been having both enda simply-supported. Munerical 
Tesilts are presented for the onse when the torque {а uniform 
‘over the spen ала varies sinusoidally in time. Amplitude төз- 
Ponso is plotted against torsional exsitetion frequency for тагу- 
ng amounte of torsional and warping damping and 18 compared to 
‘the response for the clnssio bean for the first five symetric 
й mode shapes. The anplitudes for thet&in-walled bean including 


m 


shear deformation and longitudinal inertia are found to be oon- 
«Метан larger, 


As the imorenset utilization of composite materials in 
atruoturel applications has паде thoir analysis ever more inpor- 
‘tant, the problem of torsional wave propagation in orthotropic. 
thin-walled beans of open section including longitudinal inertia 
ant shear deformation 18 solved. The equation for free torsional 
vibrations of thin-walled beans of open section of orthotropic 
materiel including the effects of longitudinal inertia and shear 
deformation is established analogous to that for isotropic mate 
Tila. Many fiber-reinforced plastios and pyrolytio-graphite 
‘type materials which are mostly in use, are orthotropio or trans= 
versely isotropio in the sense that the ratio of in-plane modulus 
Of elasticity to shear modulus is large, It ia shown that, for 
these materials, the corrections due to longitudinal inertia and 
hear deformation вау be of one order of magnitude greater than 
‘the corrections in the isotropic case. Graphs are given of the 
Phase velocity versus inverse wavelength for various aspect ra- 
tios of beans of different materials. 


The problem of torsional vibrations and stability of short 
‘thin-walled beans of open gestion resting on continuous elastio 
foundation ant subjected to an axial compressive 1684 including 
the effects of longituéin&l inertia ant shear deformation is 
aclved by moans of an exact analysis. Results for buskling loade 
for various boundary ‘conditions are presented in tabular form 
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showing the effects of shear deformation. The values of tor- 
etonal frequency parameter for the first four modes of vibra- 
tion for various boundary conditions and non-dimensional para- 
meters are presented in tabular fors suitable for design use. 
This problem ia also solved by means of finite-elesent method 
and an excellent agreement 18 observed between the resulta from 
exact analysis and thoes from the finite-element method. 


Xt da very well knows that а large nusber of problens of 
joraional vibrations ani stability of thin-walled bess arising 
dn modern high speed aizoraft structures, missiles and launch- 
Ang vehicles cannot be adequately explained by the classiéal 
Linear theories alone, minos the torsional deformations of thes 
deans are usually of such a magnitude that the assumption of 
жәйі rotations of cross sections will mo longer be valid. 


Ла view of thio, an attempt has boon made further in this 
thesis to derive and solve the governing differential equation 
of large amplitude torsional stability of lengthy thin-walled 
Beans of open section resting on continuous elastic foundation. 
Graphs iniiowting the combined influence of large aaplitudo and 
foundation paranoter on the torsional pont-buckling 10844 for 
sinply supported and leaped benna are presented. Including the 
‘effects of artal compressive load and elastic foundation, the 


Problen of non-linear torsional vibration and poat-buokling bo- 
havior of thin-walled bonas resting on continuous elastic foun- 
dation їз also investisntes. 
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Jn an effort to save weight sti retainlig high atrength 
Capabilities, many coztoxporary structural systens are designed 
with lower margina of safety than their predeoescors. The ori- 
‘terion of minimun weight Assim 18 partioviasly prevalent in 

‘the denim of alroraft, niopilo, and space craft vehicles. Ош 
obvious means of obtaining а high strength, minimin weight donign 
ie the use of Light, thin-walled structural members of high sire- 
meth alloys. For intricate 
bears of standard cross section nay not be the most efficient or 
Sonyenient structural nebeng to ш 


sisuetucon guch ag apsen-cratts, 


Thin-walled beans of open 
‘section аге frequently employed for their struotural efficiency. 
With the їпртозөпөпї of extrusion methods in metal formating, berms 
ЭТ differens shapes of cross sootions can be formed to order. 
Occasions often arise when unifora doubly әушшезгіс cross sec- 
tions ere пого convenient to use. Exaaples of пан structural 
menbere thet havo gained gront favour ав stiffonors in nerospace 
design aro the 1,2, Channel and angle seotions. 


Although no attonpt hes boen пале in the previous para- 
graph to regorously defin x thin-walled beam, it 1s пес, 


23 
to 40 өз in omor that one fully understands its meaning when 
Sood in ensuing discussion. A rectangular bean as a structural - 
ember is characterized by having two Ainenstons, the width ana 


A ad 


2 
depth of tho aroos section of comparable size but small in oome 
Gerision with the thira dimension, the length. A thin-walled 
boan, од the othor hand, in characterised by 158 three dinenatons 
being of different оздога of magnitude, The thistnene of tho 


bean is anal1 compared to the characteregtio dinenpiong of the 


section, and the огон vgetional aineuatona are smali вол 
pared to tho length of the vean. 


тї has long bean known thet a bean with nonapanetrtena 
отово moeiion per londa will, бл general, not only detects 
but ко will/wist. Only undor орео1ай. londing along the fle- 
mire axis, а line joining the shear centers, will the hens de- 
‘lect without twist. The concept or shear center ia well known 
ала їз diecussel in text books, Gasentislly, 1t ig a point 
through waloh the resultant of the shear forces of the cross 


Ir the Loading dose not pags through the shear 
а torus 12 generate ву tie loading ant the resultant 


of the reactions fron the section. Such e torque vill cause 
the twisting of the bean, When a thin-walled bean ig subjec- 
tod to &ynanis excitation, the inertial loading due to accele- 
Tation of the bean Iteslf has to be taken Into account. The 
memiiant of auch loading my be considered to гаас through the 


Genizoid of the section, Unless the shear center of the section 
зохиолдоо with ite cantrotā, both bending anê torstonal vibre- 


tions will roost, Due to the low torsional rigidity of thin 
walled open section be 


СЭ 
and stability ta of primery interest. 


3 4 
1.2. ШЕ RENTUR OP ашшы Ызаа: 


Extensive reveazoh has baon comtustes in the Пада of р 
thin-walled stmuoturel members which hag boon well docuxent: 


im the litereturej und dotailed bibliographies ате already 
available. Therefore, only а brief survey of the development 

of the existing literature directly related to the present im- 
vestigation wii be Зидана here. i 


1.2.1. Шай пипат 


Since the eighieonth century investigation of colum 
instability by Mier, a grest тыала of information hes been 
Aocumented concerning the naturo of instability. For instance, 
‘the instebility of colums, bean-coluana, plang frames, truco 
Plates, ала hells have been the objects of many research ef- 


forts. Although the inlifidusl investigations are too mmerous 
to ott 


Soveral torts have appeared that provide excellent an 
‘thologies for these investigations. 


Derivation of the funlaastal theory of strength and 


stability of thin-walled members wes performed by боен, 
Timoshenko, Vlasov and others. "imoshenko (75) initiated the 
concept of nonauntfora torsion when he considered warping of 
‘the оговв sections of a symmetrical Iban subjected to tor- 
sional moment. Wagner (070) ge 


хайна the Timosenko tox 
sion theory. Dooiier (337) published a series of кешіне їл 
‘hich he sinplifted and proved sone of the sesunntins propo- 
өй Ly eerlier tnvestigetors. Thorlos of lateral stability 


4 
‘and flemuwl-torglozal stability of uniform thin-walled bone, 
upto 1948, were unified by Timoshenko ( iX). Vimoev'a (/2 |) 
sxtenaive investigatione of thin-walled elastic wentere were 


Published in book fom in 1940. А new edition containing com 


prehensive study of equilibrium, stability, and Vibration of 
‘thin-wslled nenbero of arbitrary cross sections wag published 
in Russian in 1958 and translated into Znglish in 1961. 


wo other clessionl text booka dealing with the stabi 
Азау of asabers were published by Bleich ( /3 ) in 1952 and 
Maoghenko ant Gere { y) in 1961. Hoot recent is Ziegler’ 
monograph (114), in 1968, on structural atability tn which he 
emphssises the conceptual aspects of the more reosnt developmente 
of stability theory. Surveys of the theory of thin-walled asa- 
Bera, waich Include numerous references, wore perforaet by 
Gowieinkt ( #7) in 1999, Валок ( #9) їз 1957 ant Ү1-їшшп, 

Xu (03) залом. А өзгтзу of literature on the lateral Ine 
stability of beana wes made in 1960 by Лав ( 73). The effect 
of arial stress 


агїзїлє fron conbinad bending ала torsion 
Of thin-walled teams, on the torsional rogldity of the teem was 
imvesiigniei by Goodies (SF ) tm 1951 and Engel (АҮ ) їл 1955. 


In 1944, боодо ant Загхол extended Fisoehezko's theory 
Of non-unifere toraton of an T-teak to ішімде хөх only the ten- 
ding of the Flanges in thats ота planes but also considered tho 
effect of web deformation on the Масат of the tean 0). Fur- 
ther invontigntion of this effeot Базе experimental охь 


таз performed by several төвөжговага. Tha Goodier-Marton affect 
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wes found to be of slgnifiosnt Importance for the case of 
Jate girders whose cross sections were such that the ratio of 
‘the flange thickness to the web thickness wag large or if the 
length of the web was mich larger than the Length of the 


flange (3518. й 


Gregory (42) in 1961, proposed a theory wich consi- 
етей a non-linear longitudinal otzean yates im nenbera sub- 
Jooted to lange elastic torsional digylaenents. Gregory's 
theory was developed ty Hack (0/2) im 1965 ant in 1067, fn 
а thooretion and experinental study of monogyanotrle thin- 
walled beans eubjeoted to bending and torsion. Approxinste 
solutions of a modified non-linear equation wore сороод with 
‘fhe experinental көшіне and algo with the theories of Tmo 
ввело ( 92) and Goodier ( 3). А contimous effort hus also 
beon made to close the gap between structural theory ant engi- 
neering codes of praosioe (719,71). Recent reoearvh studios of 
interest to designe ant research yorkere are presented in a 
collection of papers, published in 1967, on the stability and 
strongia of thinwetted structure) nebera and frenes ( /4 ). 


‘Me iEuonco of өевош omer afecte such as distor- 
‘Hon of he eliam oross section, аге digpleceaenta, shear 
Geferastion, тевак) stress ani initia) deflections on the bee 
haviour of blaxially loatea colurms 18 evaluated by Culver (44) 
4m 1065, Hunericsl cslorlations, inoluting these second order 
affecto, intioated thet probleas oxiot for which these effecta 


sro considerable. Second onler affects influencing biexielly 


losdod columns wore discussed by Goodier ( 40) and Wettig ( 44) 


‘and those effects inoluded cross sectional distortion due to 
torsion and shear deformations, 


Tapered thin-walled douse ere of interest in optimus 
design. Gere and Carter (33) obtained the oritionl buckling 
Xende for tapered oolumns. A finite elewent formation using 
Gelerkin's method for the buekling problem of tapered zenbera 
was presented by Morrel and Тав ( 22). The ване stability 
of axially 100444 tapered columna has been studied analytically 
зу ceveral investigntora (2189. The problem of toretonal tuok- 
ling of axially 106404 taperet column of wide-flanged cross 
section has been recently studlal analytioaliy by Culver and 
Prog (23), using fintte-difference method. In addition, the 
differential equations for the general case of tapered wide- 
‘Flanged besz-colusna have boen derived uaing the Viagov's Be- 
thoa (/2] ) for uniform beams. Тһе determination of the initial 
yield 184 for tapered bees-ochusna has niso been investigated 
(30). An experimental investigation of the elastio stability 
of tapered beas-columns has been reported (/S ). Loe (7%) 
presented an analysis of non-uniform torsion of tapered T-beans 
4n 1956, tho taper being only of a restrictive type. 


41i the above investigations and a host of others treat 
‘the torsional or flemiral - torsional buckling problems fron а 
purely mathematical approach. Such ал approach includes the 
solution of a trio of coupled differential equations of qulli- 

,brius (these equations may be uncoupled under some instances 


L À TTI 
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Хө бойышпа of various oross sections, loadings and boundary 
Conditiona. Thie approach provides one with exact solutions 
(mathenatoel2y speaking) fer a білеп proles. One short 
Coming Of such an approach is that due to the complex nature 
OF the equilibrium equations suohiimathenation алеі, 
потока mestere, complex loedings, or arbitrary boundary 
conditions can not be easily handled, 


do complenent the known exact solutions, attempts have 
Seen made to obtain approzinte solutions to the more difficult 


discrete element technique. 
finite element method vere presented in tsehiioel journals, 


Mle modern technique. ‘These texts cover such varied зорь 
Piane stress, Plane strain, ariaymetrio stress anslysis, they 
dinensionil өсгөөд analysis, bending of beams, plates and ма, 
Viimationa of elastic ystems, and structural atability, 


eine the finite-element tachnique, Keajeinorio (62) 
developed a formation for thin-walled members based on the 
чөө of hyperbolic functions to өрген 
Mons, which are the solution to the exot differential ө 


fM warping constants. It does not include the effects of in. 
УРИНА dia to torques, Балое, ts applicability to general 
frem instability Це Limited. Kabatla and лаа ено Venbeko( 46) 


8 
formated а finite-element modal that considera only axial 
Тотоев in the gtebility analysis. The formulation is only ap- 
Plisable to solid beans whore the shonr senter ooinoldan with 
‘the center of gravity. It neglecta warping rigidity, which 18 
of major importance in the analysis of thin-walled menbers( 75). 
А Linear formulation was used to express the twist, ва was done 
earlier, by Przenienieoki ( 73). The finiteselenent method 
ваз been shown, by Pardoen ( 10), Bereous ( 0,8 ) and Barsoum 
ала ellangier ( 7 ) to be completely generel in that it pro- 
Tides one with a means of solving problems involving arbitrary 
losing ant boundary conditions. Although, only an approximate 
method, the finite-slement method has provided resulta that are 
mufflotently accurate for engineering purposes. 


3.2.2. VIBRATIONS AD WAYB-EROPAGATION: 


For the past threo deodes теоһал!ов1 vibrations have 
bosn recognised as а major factor In the design of air craft, 
marine ала machine strustures. Mechanical vibrations produce 
Апетвалей stross, exergy loss ani noino that should be consi- 
бөгей in the design stages 12 these undesirable effects are to 
be avoided, or kept to a minimus. This in essentially true in 
‘the area where the total mass of the system is to be held to m 
minimum. Vibratory notion сад produce very disastrous resulte 
за in the case of either the Tecoma narrows bridge which fell 


because the wind excited it at а naturel frequency, or the i11- 
fated Mectra I Commercial air craft that encountered severe 
engine vibration which required major modification of air craft. 
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The iaportant point to be nated is that too often vibrations 
Fre inventlantod after, snatead of before, the fatture а oo 
urea. 


Serecel investigators have bean concerned with the vibe 
Fation of bonne and the purpose herein 48 to review pome of the 
selevant contributions in this аза, the moot а, rable tech- 


Cal solution obtained fron а forma бошо, 


SE 
equations а, 


Timoshenko (12: inveattga- 


Sonsisered only the ainply supported beam and by авашилд a pro- 
duet fora solution i" a 


equation, 


Ping on the frequenoies of tor- 


sional vibration and the shapes of the normar Hodes of vibration 


Pan with various eni condition, 


Бан solutions for the 


ile the use Of these formi nathanationd solutions ta вуду. 
телем Versos they аге the slaplest and moet direct порода 


— 
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01 predicting vibratory charesterestios. However, ДА фонда. 
‘Ne meted that wach of these formal solutions hae vary definite 
Maitetions Зөндөө they have been obtained for а specifio type 
of beam and are not applicable to the general case. Since 
Shere had not been developed a rigorous mthemtical technique 


tonal losses, the total vibratory energy of a vibrating boty 
mst continuously change from all strain energy ant no kinetio 
erey $o all kinetio energy ала no strain energy, ani the fre- 
queney of change mist bo a natural frequency. 


Яв tiret mtap in the арса в of the Бага 
Bethod 18 to asouse a possible model shape of the миз corres. 
Ponting to the lowest frequamey. Then it will be ponaitis te 
өкінді the serius strata су in the tenn, Зу ontas 
е thet the assumed note shape is зедоа in tine tus шаа 
Xinekio energy oan be obtained. Жып the two ener 
tots 18:16 ООН to alve for the геше. авна 
зөвийн mode stapes must be asini until the Lowest caloria- 
зөв teequency ie obtained. tia селища only to 
ths Lowest matured frequency of the apes. The higher vance 
РА беш can e obtained only by шил the orthogonality 
Property that exists between the note stapes, A compete ав 
cussion of the Rlelgh-Rits teonnique 18 presented зу тазды 


چ 


“а 
and Beckley ( dé ). 


сама (24 7 хөм tno Реди ария $0 пни 
чилээ e courted Vorsloral ent tranevere vibration of ок. 
lever Deans having өзе авла өгөө evetion. Ke ны able 
to obserre that for any one transverse modo of vibration tare 
чї be өө богом sodes ant that the couplet natural fre 
Manoy oan be expressed en домаа of the weonglat trans 
verse and uncoupled torsional frequenote ‘Timoshenko ( /00) 
та sae ie to make Аа obeervation fer к steely vryportet 
ошл. orove-ection. Garland was able to obtain а течаща 


degree of correlation between the predicted ала the experimen- 
tally measured resulte. Becsusé he was dealing with only the 
lowent natural frequencies, he wag not in requirenent of the 
use of the orthogonality condition that would be m. 
obtaining the higher natural frequenctey 


қарату for 


Bennett ( Ў ) developed an improved matrix technique 
for investigating the vibratory charastereaticn of a bess hav- 
Ang a plane of oymotry реграз щат to the plans of treneverse 
vibration, Por а ова having а men-oollinser longitudinal maag 
бла shear center ахаа, there will be a coupling between the 
transverse end torsional vibrations. Тһе coupling 18 produced 
when the reveraod effective forco caused by the transverse 
vibration does mot act through the shear center of the eras 
ection, То date there has not been developed п rigorous mathe 
matical solution for all possible variations in cross avetlon, 
‘oading conditions ant methods of support. Several authoro 
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have solved the equations by imposing specific limitations on 


‘the method of support or on the variation of the orons section. 


‘Sone researchers have usod an energy method or ай iterative 
method to approximate solutions where the formal solution doen 
not exist. ‘Those abproxinate nethoda have а tendency to become 
төгу tedious. The technique of Investigating the higher natu 
Fal frequencies introduces complexities that are difficult to 
understand physically. The matrix method proposed by Bennett 
( 4 › аа valid for any loading conditions or method of sup- 
Port. In his work, three different types of bean vibrations 
Are considered, coupled torsional and transvers 


transverse 


alone and torsional alone. The governing differential equations 
were solved approximately by using a digital computer and resulta 
‘Obtained are observed to be within the range of engineering ao- 
curacy. 


Another approximate but more elegant technique is the 
finite-elenent technique which provides one with solutions for 
‘any general set of bountery conditions and the variation in the 
Crone section. This technique has been successfully used by 
Met (7774) for the solution of the coupled benting-toreion 
‘vibrations of thin-walled beams of open seotion and non-linear 
Пекин vibrations of rectangular beans. Pardoen (70 ) and 
Barsoum ( 6 ) presented satisfactory solutions for the vibra- 
ion and áynamic stability problens of thin-walled beans of. 
open section utilizing the fintte-elenent method. Although tha 
finite-element technique has bees used to predict the natural, 


‘froquenoten and mote shapes of benna, the methoi hae yet to be 


13 
extended to consider the torsional vibrations and stability of 
thin-walled Ъоаза of open gestion resting on continuous elastic 
foundation. 


Streso ave propagation in elastic solid media have been 
subjected to analysis nimis the early investigniions of poteson 
(972), Recent developsenta have been motivated by the ever in- 
erenoing need for information concerning the response of struc 
‘tures to high булаав loads. The bess аз а fundasental апел 
of atructures, received tho first attention of investigatore in 
the 21014. The early work of Росһһазлег ( 7/ ) and Chree (/7) 
on the oiroular cylindrical tar with traction-free surface was 
жәселелілей in the early 1940's but progress was slow on account 
of highly intricate transcendental frequency equations resulting 
fro» dlapersion dus to the prononco of boundaries, The firat 
three nodes of Longitudinal and flexural wave tranunispion were 
not known until found by Davies (24) in 1940 and Abrangon( | ) 
in 1007. 


The complexity of the exact analynia even for alaple 
geometry of в ciroular cylindrionl tar, esphasized the need for 
Physioslly satisfactory approximate theories. To там engi- 
neering requiresenta, these theories should be good for short 
тате lengths which occur in problema of steep transients or 
high frequency oscillations in bars. The elenentary clasaical 
theories of Javier for longitudinal vibrations, Bermoulli- 
Buler for flexural vibrations and Oouloub for torsional osoll- 
lations were reviewed and with the exception of the latter, were 
‘found to Lead to physically inpossttie resulta (71). Asa 
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Consequences, emphasis was placed on developing more accurate 
‘approxiaate thoorles for longitudinal and flexurel vibrations. 


Although Timoshenko (01 in 1921 proposed а theory 

for fiexirel osofilations which tnoladed the effects cf shear 
deformation and rotary inertia, it was not until the last de= 
cade that the Timoshenko theory was really put to experimental 
‘end analytical tests. 


dozen of books, monographs and surveys, not less than fifty 
papers appeared denling with approximate theories. These төреге 
included new theori 


; their mutual compariaon, comparision with 
tho known inforestion fron exact theories and experiment. The 
Timoshenko theory for flexirel waves and the MinAlin-Hefsann 
theory ( 9) ) for Longttusinal жауар wore found most satisfuo- 
‘tory, The rest об literature with the propagation of pulses ts 
based on those theories. Brief detailg have been previously 
sunarised by Kolsky ( 67), Аталап, Plasa end Ripperger( 2), 
Green ( 4/ ), and nore recently by Redwood ( #9) and Niktowita( 80 


However, comparable torsional oscilletion analysts was 
virtually neglected and not more than four to five papers on 
She topic have been publishes. The reason is the fact that 
Coulomb slaasionl theory gives the вале firut-aode resulta as 
‘the exact theory. The available information 18 slsopt limited 
de the cirolar oyLinarioal ber. Thus, there өкімін а lask of 
astisfastory approximate and exact theories for torsional ware 
Propagation in non-circular bare, ospeoially these used in 
structural applications. Very often thin-walled beans of opan 
Section are used ва structural members in light weight aircraft 


15 


ГЭЭЛ 
torsion or combined bending torsion because of their low tors- 
donaly rigisity waloh makes then auscgptinie to torsional busk- 
ling. A self-contained and comprehensive account of bending 
amd torsion of thin-walled beans of open section was given in 
а paper published by Timoshenko (42) im 1045. As structural 
members may be sujeotot to resonant vibrations unter dynante 
londa, it is necessary to stuly thoir toraional properties in 
өгдөг to understani thoir responoe to torsional exoitatie 


The imadequaoy of a Saint-Venant elesantary torsion 
‘theory for ahort wave lengths was hinted at by Love ( 7^), 

who suggested а correction for the longitulizal inertia вяпо- 
ciated with torsional deflection. However, both the elementary 
theory and tov 


теин tave the ялан dnfenla яа do 
their counterparts in longitudinal wave-propagation theory. 

Tro дупаяца equation опей by Gore (1) ) in hte torsion anaty- 
oto maa essentially that previously derived by Tixoshento( 77) 
tnt he studied the ад of warping өг the oroag-oagtion on 
‘tho froquenoton off vibration. Thege equations ase оа the 
Timoshenko Torsion theory in the sequel ani are found to leed 
‘to увод уви. resalte for short wave length waves. 


To present а such needed practical engineering theory, 
A strength of materials theory ia "derived and analysed by Aggar- 
wal (3 ) in Ма thesis, including the effects of shear defor 
mation, longitudinal inertia ant warping of the cross-section. 
At high frequencies and short wave Lengths a new node of the 


Wave iranamisslon Ха added. this агїзөв {тоз the coupled inte- 
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РЕНЕ a ылы дата ны 
us ait ыныр ЙЫ ТЫРЫ se 
eRe ee ee aes ион 
ж адий aia алына ыты Дш НЕА 
жиса тама ы DE 
os ang көр кене оталық ae 
зден RR ERE и ыг 
аа анан жаза e атыс; 
which is in agrasmont in fore with tho higher пойна of the exit 
‘theory for oiroular cylindrical bars (45 13). In many respecte 
н билне дна куер E a 
of Timoshenko's {1еҗите1 theory (757), 


The transient responso arising fron а абар torque epp- 
3494 tapuletvely at the end of a seni-infinite I-beam 18 anely- 
fod by Aggarwal ( 3 ) and the non-tinensional equations are her 
solved using Laplace tranaforag and a closed fora solution in 
integral fora ia obtained. Por the sake of comparison, he aol- 
Жей tho sane inpulotvely applied step torque problem according 
to tho Timoshenko torsion theory. Не also analyzed the problem 
92 fres and ed vibrations of I-beams according to his theory 
Which includes the effecta of longitudinal inertia and shear 
deformation. Не notiood m conpletely new apeotrun of natural 
frequsncieg at higher frequenoles due to the internetton bet 
oon torsion, shear deformation and longitudinal inertia effecta 
‘The frequency eqontiona end expressions for model functions arek 
derived тог а number of cases but he 1121494 the discusion. 
Feganting the existence of the second frequency spectrum only 


transcendental nature of the frequency equations which further 
include the parameters of warping, shear and longituitnal in- 
ertia, Tho requenoles obtained өзегі to his theory are 
sompared with those previously obtained by беге ( 72) who 

the Timoshenko torsion equation. The shear effect 18 shown to 
тәме in a decrease of bean stiffness and corresponding 
теме of natural frequencies. Though, the decrease 18 rela 
‘ively small conpared to tho логаве due to warping; the in- 
fluence of shear deformation 18 observed to be considerable at 
Эбет frequencies. Further, ‘Aggarwal ( 3 ) established ал 
Orthogenality relation for the principal modes of vibration 

‘rented tha problem of forced vibrations under very general 1 


Where aa Aggerwal's contribution wag limited to an im- 
provement of tha previous theories of uncoupled torsional vi 
dona, Tao's contribution (194) жаз in the field of coupled 
‘torsional ant bending vibrations of thin-walled beans of open 
ection. In his thesia, Тео (/0%) derived a higher order ther 
dncluding the effect of shear strain induced by bending and 
Ding of the bosn. Не compared the spectrum curves of the hi 
onter theory with those fron the elementary theory for various 
boundary conditions for a spooial family of non-syunetric вво-- 
ione, He performed an experiment on two specimens to dete 
heir naturel frequsnoies at different bean lengths and compa- 
Fed the exberizental results with those predicted from the two 
theories. Не han concluded that when the boa 18 long, the el 
mentary theory is sAequate to prediot the natural frequencies 
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рел», бы ку nde 
for torsion predomenant sodes. Jor bending prefoninant motes, 
‘the higher order theory should be used. The higher order 
theory derived by Tao ( /0*) serves also ва а guided for the 
mene of validity of the elementary theory. In the experinen 
tal observations, he fount certain non-linear behaviour of the 
thin-walled boas, Unter special otreanstances, when the tens 
18 exotted at resonance at a higher mode, he observed а ten= 
deny for the bees to shift from the higher resonant node to 
vibrate at ite fuwiabental mode, resilting in a higher onter 
бетон osoiiintion, Mence he made an analysts to show 


‘the possibility of such а behaviour М the inherently non-linear 
governing equstions for coupled torsional and bending vibrations 
аге used. 


Recentiy іл 1967, Aggarwal ena Oranch ( 4 ) published 
а Paper аз ап extension to the work of Aggarwal ( 3 ), by in 
eluding an analysis for the coupled bending-torsional vibrations 
of a chamel bean. Tue equations governing the motion of the 
channel voan are derived using Hamilton's principio and include 
the effeote of warping, longitudinal inertia and shear deforma 
tion. Move equations exslicitly ramble those derived by 
Тео (/04) for the more general cane of mono-aymetrte thin 
walled bean of open cross section. However, the approach of 
Aggarwal and Oranch seems to be different from that of Tao. 
areas Төз, analysed the vibrations of а momaymatric tin 
welled beam, torsional wave analysts 427 nade by Aggarwal аш. 
Orenoh for the case of an I-boam anf в channel bean, 


А вого kenara theory of vibentiona of oyiinarioal 
‘tubes which inoludas th 


ondary effects such as transveres 
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shear, longitudinal inertia and shear Ing was presented by 
Krishnamurthy and Joga Rao ( 70 ). hey alao brought out the 
analogy between the flexurel and torsional vibrations of 
bly symmetrio tubes. In Part IV of their theory ( 70), тен. 
suite for simply supported open tube of doubly symmetric I- 
fection were presented. The other boundary conditions were 
not analysed. 


BAL oe TAIN: 


Jn the above invostigations (6, 7 Je) on the torsional 
vibrations of thin-walled beans of open section including the 
second ander effects such as longitudinal inertia and shear de> 
formation, only regorous mathematical solutions are attespiei. 
This approach actually linited their solutions only to simple 
fond conditions much вз a staply supported Dean. Stating that, 
tha frequanay элла ото nro highly tewiscenlontal in nature, 
Anand ( % у АМ wk одни, the өзімен Tor зиме one 
ditione other than the simply supported ends, However, with 
‘the advent of igh spoed digital computers, it ie not too aif- 
Hoult to obtain the solutions for these transcendental Сте 
ттеу equations. 


‘The present theate ains at developing exact and аррго- 
inate methods of amlyais to tackle various boundary conditions 
without much difficulty, Ал attempt has been made, to extend - 
‘the previous disoussions on torsional vibrations and stability 
analysis of thinenlled beans of open section, to include the 
effects of axial compressive load, contimous elastic fountation, 
longitudinal inertia and shear deformation by making use of өлкесі 
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‘and approxinate methodo of analyaia, A non-linear analysts 18 
Alao sade to atudy the influence of large torsional amplitude 
Фа tha non-linear perio! of vibration. Further, the effecta 

ЭЕ axial compressive 1084 and continous slastio foundation on 
non-linear torsional behaviour of thin-walled beans of open seo- 
tion are aloo investigated. 


Та particular, Chapter II dosla with the amalyois of 
torsional vibrations and stability of Lengthy uniform thin 
walled beams of open section resting on continuous elastic foun- 
dation und subjected to а tise-invarient axial compressive load 
Бу means of exact ant approxinnte methods. A finite-element 
formulation for tho seme problon which 18 useful both for unt- 
fom anf mon-uniforn beans (8 presented in Chapter IIT, The 
compartoon between the results fron the exact analysis and ap- 


Proziaate finite element asthe’ 18 show to be exesllent even 
for n coarse müb-division of the benm. 

700 Gn Chapter IV, an exact analyete 18 presented for free 
torsional vibrations of short uniform thin-walled beans of open 
section including the effects of longitudinal inertia and өмөг 
deformation. Beproseione for orthogonality and normalising 
conditions for the peinsipsl normal mdse which are useful im 
solving forced vibration protless ала which ілімде both the 
angle of twist and warping angle ave obtained for both the gene 
el cage and for Beane with various elepe end conditions. To 
{оойм hs dostea, extansive design data pertaining to 
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wide-flanged I-benss with various end conditions 18 presented. 


Also, epprozinate frequency equations for clamped and clamped- 
simply supported beans are derived making uss of the Galerkin 
Meshnique. A finite element formulation of the problem 18 pro- 
sented in Chapter Y. New stiffness ant nass matrices are pro- 
tented which inolufef the effects of longitudinal inertia and 
shear deformation. The resulte obtained by the finite element 
method ere in good agressent with the eraot ones. 


An enüysis for the forced torsional vibrations of thin- 
wallet boas of open section including the effecta of longitu- 
dimi inertia, аваг deformation and viaoous damping 18 given 
in Chapter ТІ. Ohapter VII deala with the problem of toratonal 
wave propagation in orthotropic thin-walled beangs of open seo- 
Of longitudinal inertia and shear 


In Ghapier YIII, the protien of torsional vibrations and 
stability of short uniform thinawnlied bene resting on contin- 
ous elastic foundation ant subjected to an axial statio oomp- 
Tessive 1984 including the effecta of longitudinal Inertia and 
‘shear deformation 18 analysed by means of an exact method. 
Approxiante expressions for the frequency and buckling load are 
derived for clasped wid claspod-eimply supported boang utilis- 
dng Osterkin's technique, A finite-element solution of the same 
Problem is presented in Chapter IX, 


А non-linear azalysls for the torsional stability of thine 
walled donna of open section at large amplitudes io presented, 
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За Chapter 1. In Chapter XI, the effects of axial tine-tnva~ 
Fiant compressive 1084 ant elastio foundation on the non-linear 
‘torsional vibrations and stability are analysed. In Chapter XII, 
авцаль conclusions are arrived at, bringing out the practical 
wignifiomnos of the problems solved. Alao the воре for fur- 
‘ther investigation 10 discussed. 


Available reprints of the papers published on part of the, 
work presented in thie thesis are enclosed at the end for ready 
reference, The rest of the material 18 accepted for publion- 
‘tom (а. reputed Soumain and ts waiting будят. 
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‘Static and aynanto analysis of beans on elastio foundation 
occupies a prominant place in contemporary structural mechanios. 

The vibrations and buokling of continously supported finite and in- 
finite boana resting on elastic foundation has ал application in 
‘the design of highway pavenente, airoraft талиаув and in the use of 
metal rails for rail road tracks. А very large number of studies 
have beon devoted to this subject, and valuable practical methods 
for the analysis of beans on elastic foundation have been worked 
out. 


Regarding tho statio anslynis of beans on elastic founda 
‘tion Hatenyt's book (43) зе табата classic glving the complete 
Aevelopaont of the beans supported on elastic fomndation, A later 
evelopment of the theory Ts beautifully presented by Ylasov ам 
leovitiv (# in their book on ''beama, plat ‘and shells on 
білеме foundation’! with improved models of slastio foundation. 
Since the agtual response at the interface depends on the material 
of the foundation and 19 usually very difficult to deteraine, 
‘various foundation models were proposed to approsimate the real 
foundation behavior anong which Winkler! cong tant modulug founta- 
tion is widely used because of ite simplicity. A discussion of 
various foundation modela 16 presented by Kerr (42). 


* Part of the results fron thia chapter were published by the 
абат end ArA.Satyun in February 1975 lasus of МДА Journal, 
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The effect of shear flexibility 18 inoluded im the ana- 
lysis of beams on elastic foundation by Ratliffee (74). Mot (10) 
troated the bonding of en infinite bows on elastio founintion and 
Conway ала Farhan (|) analysed the bending of a finit 
im bonded ant unbonted contact with an elastic foundation. Recently 
Niyogi ( #0) presented en approximate analysis of axially constrained 
on elastic foundation ant Murthy (#1) solved the proble 
Duckling of continously supported beams. The problem of buckling 

of thin-walled beans of open section өше as 1-евяв, channel seo- 
tions oto., with contimious elastic supports has been troated by 
Timoshenko and Gere ( 77) in their book on ‘Theory of elastic | 
otebiiity''. By using the finite водене method, Раздава (72) 
Analysed the buckling of thin-walled beans of open section rest- 

ing on continuous elastio supports subjected to an axial load. 


E 


On the &ynasios aids of bens on elaetie foundation, 
Kenney (46) analysed the steady state flemral vibrations of beana 
эв elastic foundation for a moving load tnoluting the affect of 
Tiscous damping. Orandalt (40 ) analysed the flemral vibrations 
of а benm on elastis foundation inoluling the effecta of rotary 
Anertia and shear deformation. Tseitlin (/04) determined the ef- 
feote of shear deformation and of rotary inertia tn flexural vibra- 
“Мона on beams on ө180810 foundation. Idoya and Miklowite (75) 
Presented an analysis for the flexural wave propagation of beans 
fant plates on an elastic foundation. 


While there existe a good mmber of investigations on 
flexural vibrations of rectangular beans or plates on elastic 
foundation, the literature on the torsional vibrations of beams on 


elastic foundation is rather scarce. То the best of authors 
Knowledge the effects of a tine-invartent axial compressive 1004: 
ani of elastic foundation on the tormíonal frequency and buckling 
19в4о of thin-walled beans of open section are not being analyzed 
anywhere in the available literature. To this end, the present 
Chapter deals with the exact ant approzimate analytical solutions 
of the effects of а tine-tavartant axial soapreneive 1084 and of 
elastic foundation on the torsional frequenoy ant busking loads 
Of lengthy thin-walled boana of open meotion. 


зав, Мало давио: 


The protien invoptigatol in this chapter 18 restricted 
4o the following assumptions! 

4) The thin-walled bees hes uniform open стон 
long its length. 

1) Strains are masumned to romain within the elastic limit. 
‘The curvature anf twist of the beem are considered to be mall. 
Та particular, the deformations are szall compared with the croge- 
‘Sectional inanotong of the bonm in the лов! вод problem. 

0) The bean is fabricated fron material which 18 honoge- 
meous ani isotropic and which obeys Hooke's law ( a linearly eln- 
atic material). 


ject Lona 


сөлем, 

4) Shearing strains of the жійдіе surface due to shear 
ала warping effects, and ariel strains of the beas dua to lomgi- 
tutina] Load components are considered to be negligibly small 
(the boan 1a undergoing inextenaional notions). 
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(£) Longitu&inal inertia effects are considered to be 
negligibly gll. Conditions (e) and (f) аге referred to as the 
Timoshenko Torsion theory. 

(в) Distortion of the cross sections in their om planes 
Ха not considered, however, warping of the sections 18 permitted. 
Distortion of the ssotions would be of significance for built-up 
Eimers or 1f the cross section 18 very 4 


oF very wide. 
(м) мо internal or external damping forces ага considered. 


2.8 DERIVATION OP BASIS DIPPERESTIAL EQUATION: 


An the oropa neotional &imensions are assumed to be sall 
spared to the length of the beam, the second order effects such 
as Longitudinal inertia and sheer deformation onn be treated as 

negligible 


Та this section, based on Timoshenko torsion theory ( 78 ), 
‘the governing differential equation of free notion of a doubly sya- 
metrio thin-walled beam on elastic foundation subjected to a tine- 
invariant axial compressive loai is derived utilizing Haniiton'a 
principle, The method has the advantage of generating the natu- 
ral boundary conditions which shall be discussed in section 8.4. 


Hasilton's principle (8%), states that for dymamionl 


BID (ea) 
% : 


where (f - U + ¥) is the Lagrangian function, 7, the kinetic 
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energy of the strained bar, U the total strain energy, ¥ the 
potential energy of the external force, and f, t are two fix 
instante. 


ті shows a differential element of length ds of a 
wiüe-flanget I-bean undergoing torsion. According to Saint 
Venant, the orone-nections are assumed to rotate about the oen- 
‘trold~shear center 'O' giving rise to a torsional couple, 


(ваа) 


where 9 is the shear modulus, 0, the torsion constant for the 
өхөөв section, and f (а, $) the angle of twist. 


me torsion constant for an I-aeotion ie given by 
DET E ағ) 


where b is the width of the flangen, hà the eight between tha 
Genterlines of the flanges, t, the thickness of the flanges, and 
5, the thickness of the web. 


The strain energy 0, at any instant t in the beam of 
length L due to Saint Venant torsion 18 


И 
УСЕ (2.20) 


Accompanying the rotation is a warping of the section 
whioh is assumed constant in each piece of the cross section hav- 
а monent M. Tuo x-displaseuent of the top flange centerline, ш 


FIG. 2:1— DIFFERENTIAL ELEMENT OF A 
WIDE-FLANGED 1-ВЕАМ ` 


ds given by 
$ ГЕТ (е.а) ©. 
элд hence the moment M in the top flange is given by 


иен Sym Sf 22) 


where B ia the Young's nodulus, I, the moment of inertia of 
each flange ares about y-axis. 

тї can be easily observed that the sonent N in the top 
flange and -M in the botton Flange cancel во that no net monent 
Xy existe in the cross section. 


The shear force Q due to the bending of the flanges 18 


ача љу 
EI 22 
The equal and opposite shear forces Q, а distance h apart im 


the top and 
2, given by 


tton flanges, give тізе to а torque due to warping, 


سه ск,‏ ب 


nf/e їз the warping constant for an I-section (32). | 


where с, = 
‘The total torque, Ty on the cross section is given by 


ISDN BEN] [2 
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If Up 18 the strain energy of the tro flanges due to 


wb Im Spt ва 27) 


The atrain energy Us due to the Winkler type elastic 
foundation, 18 given by 


т, 


4 1 хуй) as (2.23) 


Hence, the total strain energy U, at any instant t be- 
cones 


СТЕУ 22 ву. хө 22 


The Kinetic energy of rotation of the oro 
‘the corresponding instant 18 given аз: 


шэг аз 


where 1, 18 the polar moment of inertia of the cross section ant 
+ the mass density of the material of the been. 


ton at 


‘The potential energy due to the external timo-invariant 
axial compressive lond, P, acting at the centroid of the orcas 
section at the corresponding instant 18 given by 


wept Ste (7) 


where А io the area of the cross section. 
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Subetituting for T, U and ¥ from equations (2.2) to (2.4) 
mespectively in equation (2.1), taking the variations of the in- 


togrand, and integrating the first ters by parte with respect to 
% anā the next four tema with respect to s, one obtains: 


М oD BE mln E аја 


4 io cole Е ӘРІГЕ 


2 


Ё 5 
-hon mi-n в ao [2] 
Assuming that the values of jf are given at the two fixed instants, 
‘the second integral vanishes. If the boundary conditions are such 
that the thira and the fourth integrals also vanish, then the as- 
sooiatel differential equation of motion is given by: 


-кя- 21:10 (2.6) 


2.4 (a) NATURAL BOUNDARY CONDITIONS: 


In deriving the basio differential oquation of motion (2.6) 
fron (2.8) it жаз assumed that the expressions 


м, иф с 


32 


(ето چ‎ а 


vanish at the ents а = 0 ant 
1f at the two ondo 


; {Ei =o, (en 
[e E 27) 


Bquation (8.7) and (2.8) give the naturel boundary conditione for 
‘the finite bar, ant are satisfied 1f the end conditions are taken 


а) geo ам Heo е. 


These conditions imply restraint against rotation but mot against 
warping; that 18, the end of the bar does not rotate but 10 free 
to warp. Тыз do the case of в ''Sinple Support! 


а) geo ам Bao (2.10) 


These conditions imply regtreint not only against rotation but aleo 
Against any warping of the end cross section, This means that the 
end of tho bar 18 built-in rigidly во that no deformation of the 
‘end oross section can take place. These conditions define a 
"Mixed Support! 


с) Sf a0 am ос Td ы, зо е.) 
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These conditions imply no restraint of any kind at the end of the 
Dar, This requires that ‘the bending nonent in the flange enda 
‘and torque acting on the end cross section must be 
vonditions correspond to а "'froe вм". 


(a) эс ant (oo, EN зо 


oF equivalently 


vo. mene 


Heo аы 00-0 [25] 
ГА 
Me Latter conditions Imply no warping ani ser» shear 


forces in the end flanges: 


These conditions are useful for fining aymotrio modes 
of vibration im simply supported, fixsá-fixed and fres-fres beans, 


[DI 27551270 

The homogensoua boundary conditions discussed stove, give 
‘the froe vibrations of bars. For forced vibrations produced by 
he motion of boundaries, appropriate tine depentent end conditions 


are given by prescribing at each end one mesber of 
protuota: 


ERI ыл | 


oF equivalently of: 


oh of the 


у-н, Ef | 


х ERÉ) њат, Ч. 


Of the many conditions thus obtained, the following are of 
more theoretical interest: 


1. lating moment t, proscribed, flange bending оше M = O or 
Bao, 


2. # oz f prescribed, riange bending moment M = 0 or $É 


3. Mango bonding nonent M prescribed, twisting moment 
2® Oor =0, 


Ж ox Fe prencrived, элемде moment дүн 0 or jf = 0. 


Ла the ceso of senicinfinite boamo, conditions need be 
oribed at one end since all physionl quantities at any instant are 
sero at the far ond, 


2.5 йыда OP ARIUS TERMS: 


4) HE Kye P= 0 and = 0, Bq. (2.6) reduces to 


USC L 
M cenae a RR 
шоогоо. 


‘tia effects. Tt io given fh Love (76) and is discussed 
by Gere (34), 


(2.33) 


44) IE Ke FP = 0, Bq. (2.6) reduces to 


1 oe oe то 2) 


Thio equation represente Tisoshenko's torsion theory whioh 
includes the effect of warping of the cross section and has 
yon treated in detail by беге (32). 
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бы) ле Ke 0, Ва. (8.6) reduces to 


се до Е E EE 277) 


This equation represents the affect of an axial tine- 


Anvariant compressiva load ated to THaosher's torsion 
theory. 
(iv) Te P = 0, Bq. (2.6) reduces to 
E 
DIL EE ЕК (46) 


‘This equation represents the effect of Winkler type con- 
stant modulus elastio foundation added to Timoshenko Тог- 
ston theory. 


2.6 MOUDDUNGIOUALIZASION AND ИШАА, SOWTION OP порода OF 
ЖОП: For mathenntionl simplification, 1t is convenient to 
to reduce Eq. (2.6) to в non-dimensional form, simultaneously 1л-| 


froducing sone dimensionless parameters having physical interpre- 
tations. 


Introducing, 2 = s/L, the mon-&imensional bean length, and 


d ) ® v, tho atoenstertesa tine variable, Zq, (8.6) in non 
&isenaionlees fom сал be written as: 
б PRTA: И 7 
гиш E м ° ват) 
where 
к لی ے‎ 


Ж + warping seetatty parameter, 2 


а 
КЕТЕРЕ 
E ^ 
ji. = IW TE 2 (e.20) 


Tue general solution of 3q. (2.17) cem be obtained by using 
‘the standard method of separation variables. Thus, by taking И in 
the fore 

E %- ха) 2 (e.s) 
AnA thon mubstituting into Bq. (2.17), separating the variables, ° 
and setting the remlting expressions equal to -) p, we obtain 


Tad, ooh, ER, ain ai (221 
Тва expression for в nomal mode of vibration {з then 
шт) (2.23) 


dn which X is the nomal function giving the shape of the mode 
of vibration and À „ За the dimenaiorleas torsional frequency 
Daremeter given by 


At. Lathe 
NES 


Where рд ia the natural frequency of vibration in radious per 


0 (2.24) 


unit of time, Amy actual motion of the vibrating beam сал be ob- 
‘tained by a sumation of noreal modes, so that in the general cane 
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#- Т xa, oon, +, وهاه‎ 4) 22) 
їл which the ooettiofonta A, ant D, are found fron the initial 
conditions of the vibration. 
ти equation for determining the normal fuxetion X, found 


dy mubstituting Bq. (8.84) into the differential Bh. (2.17), i» then 


оо ا + کے‎ ду со (2.26) 
а а 


The general solution of this equation may be found by 
‘taking the normal funotion X in the foret 


xe Е, 222 
“эмээ yields the auxiliary algebrate equation: 
1% (F-4) (48-12) = 0 (2.28) 
‘The four тооба of the equation are 
Pattee Fan- ar Ta жаң, Tye ah (2.29) 
ian which a, and A are tho positive, neal quantit 


= ала) {= «а» [оё де 


given by 


408. «epp (2.30) 


- 
гэ a(t (е-е лоя - «i шиг) 


‘The general solution of Eq. (2.26) then becomes either 


HL DE i ene. پو ر‎ АВ 
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or 


X Bosh i + Dp sin м, +0, вое AT + D, ain а (2.32) 


There are four orbitrary constants in this expression whioh 
must be determined во ag to satiofy tho particular boundary өвийг 
tions of the problem. Por any bean there will be two boundary con- 
ditione at each ond ant these four conditions determine the frequency 
equation and the ratios of three of the constants to the fourth 
constant. Solving tha frAmpanat ялрайлал. than. адлуждлед, tha прав 
cipal frequencies of vibration. With the frequencies and normal 
functions determined, the solution ie essentially complete. 


8.7 ТЕШЕТ RATIONS AND MODEL FUIOTIONS: 

In this section, frequency equations and mode shapes for 
боле special cases are are established. Gore's results (54) are 
obtained for the special case Да 7% 0. Because of the ocmple- 
Zity of the frequency equations, the discussion of the resulta 18 
limited to the case of simply supported beam. 


ЪОЛШАІ CONDITIORS: n eeotion (2.44) naturel boundary conditions 
were discussed. By combining these contitions in patra, талу types 
Of single-spmn Deena can be amnìyzod, In temo of non-Ainonntonal, 
Dareneters, the boundary conditions ean 


written авг 


2. Sinple Support: 


т-о, 4 I (2.38) 


жоғым support: 
тээ 8-0 27) 
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3. Free вм: 


E ГИТ РТА: өм) 


Before we proceed to derive the frequency ant Nomel mode 
squations Хог various omaes, from Rauattona (2.30) ола (2.31) we 
obtain: 

53 af = 00-207 + @.м) 
E 

PETI а.) 
1f in оге, the bean ie not vibrating ant only «оно 
torsional buckling ie to be investigated the expressions for ay 
and B, from Equations (2.30) and (2.31) reduce to: 


t: марз 
ат N2) a Po | ж». за ) (2.38) 


d: 
= ала) (е | ай. до. ома 075) 


ТТТ 
Еа 
19848 when the reduced Equations (2.38) and (8.39) are used for 
Аааа НЕО 
Зээ 


4d. «nal (e.40) 


Aag е.) 


4 


40 


pao аи. 


cal treatment, 


This is the simplest case which admita complete авалун- 


‘onstruction and therefore are of practical importance. 


‘The boundary conditions from Equations (8.35) are: 


х= a =0 stamo 


xd o abili 


Tor the conditions at £ = 0, Equation (2,32) gives: 


Dt Dye 0, 


са +) -о. 


Since he secular determinant «ве lÊ 0, 1t follows that 


D,- ne 


9. 


Fron the second pair of conditions, Equation (2.32) gives: 


замаа, 


Dp sinh «+ D, sin А = 0, 


Ваша a4- D4 шақ то 


An example is в been supported by framing angle 


Gonneotions at the two ends. Those beans aro used in building 


[22] 


(2.43) 


(2.44) 


For a non-trivial solution, the seotlar determinant must 


This gives the characte: 
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Sines af + № КО, eni sinh a, ÁO, we obtain the frequency equa- 
Hon for thio oase aa: 

Sin дно СО 
Bquation (2,45) we have, 


A, =m, нета, 222) 


This is the frequency equation for a simply supported beam and 
Зу using the relations (2.36) and (2.37), we find the exyrension 
tor the frequeny parameter дат 


DORT + ant) «ааа МВ (an) 


Біле ain «0, we find fron Bquntton (2.43) ог (1 
Dg 0. Hence the model function 16 


X =D, ма пяр (am) | 


The complete expression for the angle of twist И is obtained by 
oumaing up the normal modes, во that 


8 


мө тч, con эң В, мад) 
dn жиен A, and A, are determined by the initial conditions, 
rio 


| Gere (31) studied the influence of warping peremeter К, 
and concluded that it increased the frequency of vibration as 
warping inorensen the stiffness of the bar against rotation. Por 
emelî values of К, which means 0, 18 relatively large, the effect 
of warping 18 considerable and mst be taken into account. For 
Jarge K, which means O, is relatively mall, the warping effect 
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is also small and вау be neglected in zany cases. 


то estimate the individual influences of axial 1084 ant 
slastio foundation, Equation (2.47) ean be reduced in the follow- 
ing manner. 


(а) IF the effect of axial 1084 alone is to be studied, by putting 
7-0, we obtain 


жатық «tsar (ean) 


(b) If the influenee of plastic foundation alone is to be investi- 
‘ented, by putting A= O, we get Ч 


НД 
же (n? + ка) E (2.50) 


(ә) IE the both the effecte of axial load and elastic foundation 
fare to be neglected, by putting A= 0 and Y= 0, we obtain the 


[n 


Denoting by гү the ratio of the frequency of vibration 
with axial load alone considered, Equation (2.49), to the frequency 
with axial 1004 also neglected, Bquntion (2.01), we obtain 


^ As 12 
^n A = | = | (2.52) 


Similarly, denoting by rg the ratio of the frequency of vibration 


43 . 


with «дано fountetion alone considered, Equation (2.50), to 
‘the frequency with elastic foundation also neglected, Zquation 
(2.51), we obtain 

jus 
«c 


Mr Binh 


To fini the ooabined influence of axial loai ant elastic 
foundation, let us denote ty гу the ratio of the frequency of 
vibration with both axial 1044 and elaatis foundation considered, 
Bquation (2.47), to the frequency with both axial 1084 and elas- 
tio foundation neglooted, we obtain 


М 
at 


е 
222) 


№ 43% 22,242 
|) EJ 


71g.2.2 hows the variation of хү with A, for values of 
K = 0.1, 1.0 and 10,0 for the first fundamental mode of vibration. 
The effect of axial loni 18 to decrease the frequency of vibration, 
since the axial loai decreases the stiffness of the bar against 
rotation. Jor smell A, which means axial load Pte relatively: 
small, the effect of axial 1004 is anal ant for largeA, which 
means Р ds relatively large, tho effect of өкілі lond 10 quite 
considerate, 


Рав. and 2.4 chow the variation of 2, with 2, for 
velie of К = 1 and 10 respectively; for the First eoe notes of 
vibration. the effect of plastic foundation ia to increase the 


—-T7 LE 
2:4. Variation of rz with ¥, for Кыю- о for the first thre 
modes of vibration E 


ENT 


47 * cde 


‘frequency of vibration, aa the olentio foundation (лосовяза the 
stiffness of the bar against rotation. For sull], which means 
foundation modulus К, 18 relatively small, the effect of elastic 
foundation is small and for large 3 , which seans K, 18 relatively 


Large, the effaot of elantio founintion 18 quite considerable. 


Piga.2.8 and 2.6 show the variation of ry with Даа Y y 
for yeluon of K = 1 and 10, for the first findanestal mode of 
vibration. Tue combined effect of axial Load ant elastio founda 
tion is the algebras mun of Individual influences which are ас- 
жу opposite in nature. For а value of 45 = 0,28 нба, 
‘he combined influence of th» axial compressive lon ant elastic 
foundation on the torsional frequensy teoowes заго. It cen al 
be noticed fron Rquntion (2.58) that the influpmos of elastic 
foundation decreases for higher soles of vibration. 


Mien the bens is not vibrating, te., À = 0, we obtain 
from Squation (2.47), the expression for torsional buokling 1084 
(в) as, 


2 
Ди rere ау (2.58) | 


To show the Influence of elastic foundation on the tor-, | 
atonal buokling load, let us define by тү, the ratio of the buok- 
ling loai when elastic foundation 18 considered, to the buckling . 
loni when elastic foundation 18 neglected. 


ai? 
КЕ қарау 22) 


yr 
lon of m; with У for Values of ке 
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Fron the above 3q. (2.06) and Pig.t.7vhioh shows the varia- 
ton of тү with for values of К = O1, 1.0 and 10.0, it ова be 
observed that in the case of torsional busiding also the affect of 
Slasti foundation 18 to inerenae the buckling ond, as the sla- 
atte foundation inarenses the atiffneys of tho master against 
rotation, The influence of the warping parameter K ig algo to їл 
Grease the buckling 1084. But relatively, the effect of warping 
Dereneter ie more pronounced than that of elastic foundstion. 
2.12 PIXED-PRIXXD вади: ` 

та the мә of a beam whioh 16 Built-in rigidly at both 
ende, the bowidary conditions аге: 


x В -o а-о 


... 


Applying the boundary conditions to the general solutions, 
Ba. (2-98), frequency equation сал be obtained ва, 


2-2 cosh ар сов + ish ар sin e © (ғат) 


“h 


The modal function then beoose 


X = D (oosh ай + А 7үвий зд - оов AZ - ajoin 43) (228) 
whore 
ШЕКСІЗ дам + ешь a, 
5 “т Sete А "а 59 До сова а; 


With the ont 5 = 0, taken as the simply supported end, 
snd the ond 8 = 1 as the built-in end, the boundary conditions 


а 


х-  -о мана, 
The frequency equation in this case becomes 
ЭРЭЭ (2.60) 
The modal function then 1a 
X= Math ره‎ -7g sin Да) (2.61) 


where 


ET әш 
ч,» =e . are (2.68) 


3.7.4. CAUPEUIVER Ши FIT waret posta TED 


For a cantilever bean built-in rigidly at tho end 1-0 
89 that warping ip completely provantoi 


and with a free өм 2 
st 3 =1, the boundary conditions arer 


t= =o а а-о 


5з ` 


ЕЕЗЕГЕЕ ЕРЕН 


Буга ea ы Mer мені 
К 
Босоо (ees) 
чи : 
Зоог халин, 


НОТЛОН 


where 
ee АА 
шал 
2 


сов В+ af соев. 


ТА аана ад 


(2.65) 


2.7.5, падаща нин VIT окаводвашо VARTO: 


Та the previous case 


а cantilever bean was considered in 
mhich the supported end was fixed and offered complete restraint 
against warping. А cantilever benn may also be supported in a 
manner such that warping 18 free to occur at the supported end. 

An example is a cantilever bens supported by the ordinary fram 
Ang angles and monent resistant comeotions used in building oon- 
atruotion. With regan to torsion, mioh a support offers restraint 
against rotation but not warping and hence 18 а simple support. 

Xt ie, of course, a fixed support with regard to bending, 


Thus, for a cantilever simply supported at one end and 
free at the other, the boundary conditions are: 


54 


та ро мо 1 

ай 

© « 
оо 8-0 өзе 


Applying th 
be obtained ва, 


vo boundary conditions, the frequency equation can 


3 
ağ ta а Пълно 


The modal funotion in this case becomes, 


X= Bylot az + پا‎ ма Аа) (e.er) 


2.7.6. BEAM WINE FREG под: 


Та the саве of a beam which 18 free at both e 
boundary conditiono are! 


EET 


=0 авто 
ай = 


Zing то teas 


Тва frequency equation for this case becomes, | 


2-2 cosh oo + 


inh a ain A = 0 м 
Ра ume ol а.ө) 
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Тһе modal funotion therefore beomon 


X =D, (ooh ay3 + "їл аи + (a/R) соз Да 


+ (fn м а) (ало) 
where 3 Я 
m (оов A- oooh а). Қалһауға oin en) 
220 Мана баг P^ Зэв h- cosh =) 
авлаа мо раттан, 


The frequency equations derived in this section for vari- 
оча conbinations of boundary conditions are highly transcendental 
dm nature and can be solved only by lengthy trial-and-error proce- 


dure. As in stated вает tio oane frequonoy equations сал be 
“used to obtain the Elastic Torsional Bucking loate for various 
нм condition but with the only differenoe that for a and А, 
Equations (2.38) and (2.30) are to be мова im oonjunotion with 
Equations (2.40), (8.41) and the corresponding frequeney Equation. 
Ж oonputer program has been written in Fortran IY for olution of 
the above Frequency equations on ШИ-1130 computer st the Computer 
Center, Andhra University, Waltair. Турісе resulte for вер 
- Supported, fixsá-fixed bean and been fixed at one ent юм simply 
apported at the other for the fundamental mote (41) for values 
Of Ket and 10 are presented in Pigs. 2.8 to 2.18 showing the 
combined influence of axial 1044 (Д) and Elastic foundation (/). 
Tue individual influences aleo can be etally observed fron the 
блады, Pigo ana $ зот tho variation of the funtanentel tor- 
stoned frequency paramotor A(n), for а simply supported beam, 


18-04 
а critical Бен rameters 
E of frequency koritical Бие ите laci он 
1 of frequency keri: cal еніп 
Tia ge valies of бең C pm 
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with various values of 1084 paranetor Д and foundation parameter 
А for values of К = 1 and 10 reopeotively. Pign.2.10 and 2,11 
show tho results for fixed=fixed bean and, the remiilte oorrenpon= 
ding to а bean fixed at one end and simply supported at the other 
are shown in Pigs, 2.12 and 2.13. 


- Jê oan be observed fros these тарыз that the values of 
the ortticel buckling loads for various values of У can be ob- 
tained from Два н варна tor =o de., from the axis on which 
da taxen. Wian he axial loni Цолов eriating the values of the 
fregieney parameter can be obtained fron these graphs for = 0 
de., fron the vertical axis on which Nig plotted for various 

‘values of ¥ . The совЫйей influence of the foundation parameter 
Ў and the Ховд parameter A can be observed from the graphs to 
Be due to the intersótion between the individual influences on 
the froquonoy of vibration, which are interestingly oppoatte іш 
nature. Infepentently as the 1984 parasetar increased the fre- 
quensy parameter decreases to zero. In the absence of axial loui, 
‘the frequeney incresses for inoreesing values of P. Tt can be 
therefore concluded thet the combined influence of foundation 
and load parameters o tho algebmaio sum of the individual tnfiu- 
ences on the frequency of vibration. 


APHOLDUIS вошитоно вт CATERED твойта: 


Except for the simply-supporte beam, the frequency 
equations for other boundary conditions derived in the above 
вас Нова (2.7) ant (2.8) сал be observed to be highly transcendental 


ЫГ 
FIG RILVALUES OF ree . VC AL вискъна PAR AMET ER. 


ТН of frequency кейга TUE 4, 
t Simply. Supported beam. 


88226213 Ю . 5 12 
VALUES OF FREQUENCY & CRITICAL виси 
FOR A FIXED - SIMPLY SUPPORTING BEAM 


ja тг Е 


ING PARAMETER: 
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аза are solved on a digital computer only by lengthy-trial and 
orror method. Ал attempt hae been made in this section to derive 
approximate expressions for the torsional frequencies of fixed 
fend bean and of a bens fixed et one end and simply supported at 
the other, utilizing the well know Galerkin's technique( 11. 


2.9. Ир BND вын: 


‘The boundary conditions for a bess fixed at both ends, 2-0 
deb are given by 


х- Що в ао 


xe eo at а 


то в 


лагу the above boundary conditions, the normal fun- 
ction І in this cage can be assumed in the form 


= Ea. cos ne 32) 
шээс 22 


Subatituting Squetion (2.72) in the differential equa- 
lon (2.26), orthagonalising the resulting error with the assumed 
function given by Equation (2.72) ant integrating the obtained 


expression over the whole length of the beam, the expression for 


the frequency parameter ), can be obtained ва, 


17772220 [17] 


та arriving Equation (2.73), only one tera of the infi- 
mite series of Equation (2.72) 18 utilised. Honce, Equntion( 2.73) 


64 
gives an upper bound for the naturel frequency parameter . 


Br passing Хоу вм 2 =1, du Nation (03) the <x: 
pression for the Duckling Зона parameter Ai, for the fixed ent 
sees сал be obtained ва 


А. atit) t 22) 


2.9.2. БИШ PIXED AT OE BID AND SIMPLY SUPPORTED AT THE OTHER: 


The boundary conditions in this ease are: 
I ff-0 нато 


xe 6-0 щата 
а 


The normal function satisfying the above boundary condi- 
‘tions can be assumed in the forn 


x nh [IIT (2.15) 


Substituting Equation (2.76) in the aifforentinl Bqua- 
‘ton (2.26) orthagonaltsing the resulting error with the воина 
function given by Equation (2.75) and integrating the obtained 
expression over the whole length of the bean, the equation fer 
the frequency parameter ) can be obtained as, 


А = [1:5 нік (oos ква к®. Д®)» a] (2.76) 


Bquation (2.76) also gives an upper bound for the natural torsional 
frequency parameter as only one term of the infinite series of 
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Equation (2.78) Аа utilized in obtaining the solution. 


By putting À = O and п = 1, in Bquation (2.76), the ex- 
pieerion for the ella 1068 paresetar Дур, for the Pets fixet 
At one end and sisply supported at the other cen be obtained а 


Дт 2.06 къ 00+ ын (em 


Tables 2,1 ant 2.2 show the comparison between the exact 
хова (obtained by digital computer) and the approximate results 
(obtained by Galerkin's technique) of the frequerey peraneter А 

for the first node of vibration (1-4) of, fixed end been and а 

bean fissi at one end end simply supported at the other respectively. 
‘The agreement between the regtlte io quite good. 


2.9.5. LDUTTIN) CONDITIONS: 


The Linttfing conditions at which the combined infiuence 
of the axial compressive 144 and elastic foundation on the tor- 
sional frequency becomes sero, for вове cases are за follows! 

1) Simslv-Sunpnorted Desa: Fron Rguation (2.47) the Latt- 
‘ing condition in this onse becomes, 

АЯ sosna (2.78) 


2) Байы Baan: Fron Equation (2.73) the liattzing 
condition in this case 18 


Y = 0.574 m^ (2.79) 
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389 815 


* кенші fron Oalerkin's Technique, 342.73, 


in 
| 


Hae ЕБЕ 


888 $87 


сов есе 


milta frou Galarkin's Technique, Bq.2.76 


ae 
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3) аад firi ot one ant sni Stony Supported at the other: 


From Squmtion (8.70) the 1intting oondition for thie case cen Ue 


obtained ar 


EDEN (2.80) 


Тог the above relations in various oases between Там A, 
it da really interesting to note that there will bo no influence 
of th 


‘two effects on tho toraionel frequonoy of vibentton. 
This 10 Because of the opposite nature of their individual effects 
and these individual effects get millified at these linitfing 
сова опа for various сваи, 


12:27 


Tt must be recalled here that the analysla presented in 
this chapter nogleots the effects of longitudinal inertia and 
‘shear deformation which are of importane if tho effects of cross 
sectional dimensions on frequencies of vibration are desired. 
Hence, this analysis ig valid for lengthy beans, fe., for beana 
whose оков sectional dinensions sre quits small compared to the 


length. These second amter effects wich аз longitudinal inertia 
‘and shear deformation, therefore, profoundly influence, the fre- 
‘quencies of torsional vibration at higher modes aml the propaga- 
ion of short wave length wives. Th 
consideration in the analy 


affects aro taken into 


presented in the ‘chaptara, 


3.1. Іитвартоттон: 
In Chapter II the title protien 18 fully analysed fron a 

Purely mathematical approach. This approach provided ug with 
emot solutions for the problem. One short-ooning of sich an 
‘approach 18 that due to the conplex nature of the equation of 
motion such mathematical difficulties ав non-uniform members, 
‘complex loadings, or arbitrary boundary conditions can not be 
easily handled, 


Zo complement the exact solutiona given in the previous 
Chapter, this Chapter intends to provide a means of obtaining ap- 
proximate solutions to our present problem, The technique used 
to obtain the approximate results im the method of ''finite!! or 
'discrete!! elements. Basically, the finite element method 18 
яа extension of the well knows Raylelgh-Rits method in which as- 
өспей displacement pattems are specified for an entire stricture. 
та the finite element technique, the continous system is reple- 
cod by a substitute system consisting of а mimber of finite ele- 
v etiffnens, таза and 


Part of the results fron this Chapter were published by the 
guthor, 3.9 Ё барга and 0.2.8. tao in the froceedings of ie 
International Conference on Finite Flemnt ЙУ in Жа" 
Bearings held at Osintators Institute of Чоу бэт 

5526, Gala, daring 6-7 Decesber 1974, Sos Вай (ас 
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Loading of the individual elasents have been defined, the equi- 
Librium of the atbstitute ayeten oan be denoribed by a large 
mumber of equations, readily solvable on a digital computer. 


Many of the early advances in the finite element method 
wore presented in technical Journals, but recently two texts have 
‘appeared that summarized this modern technique (93, 115). These 
texte cover such varied topics as plane stress, plane strain, 
‘axtaymetric stress analysis, three-dimensional stress analysis, 
bending of benna und structural stability. To date the finite 
Clement method bas been umed to prediot the buckling loads of 
Misses, bens, plates ant shells. In applying the finite element 
method to these problems in elastic stability it has become neces- 
ary to derive the so-called ! initial atress'! or ‘stability со- 
efficient! matrices that account for the in-plane stresses іше 
to ineplane onde. 


Jor problems involving large ieplacements the stability 
Coefficient matrix has been termed as the !'geonetric stiffness!" 
matrix since it accounta for the influence of large displacesente 
оп the equations of equilibrium. Using the conventional elastic 
stiffness matrix that accounts for the slastio Vending stre 
‘the stability cosffioient matrix for small 4isplacssents, and 
‘the mase matrix that accounts for the inertial 10848, а сігіс 
‘eigenvalue probles 18 oatablishe! fron which the natural frequen- 
cles, oritionl loads and mode shapes сал be deterained. 


Many investigators used the above technique to predict 
‘the buckling lomás of trusses (99), bouns ( 68), platos and 


т | 


shella (47). Very recently, Pardoen (40) analysed statio and 
бупааіо buokling of thin-walled columns using finite elementa 
‘and, Barsoum (6 ) progented a finite eleuent forsulation for 
the general stability analysis of thin-walled mesbers. ‘The mo- 
‘thod has yet to be extended to the analysis of torsional vibra 
ions and stability of lengthy and short thin-walled beans of 
өрөх section resting on continuous winklar type elastic founda- 
tion. 


Tuus, a primary objective of thia Chapter 18 to develop, 
for a lengthy thin-walled boan resting on Winkler type slastio 
foundation and subjected to an axial time-invariant compressive 
Lond, the appropriate stiffness, stability covftiotent and, waa 
matrioss necessary for a discrete eles 
and stability analysis. Further, to ostablish the reliability 
of the method, the approximate finite element resulta will be 
compared with the eraot solutions obtained Chapter II, 


torsional vibration 


3.2. ШИШЕ идда оойт: 


The use of finite slenents to solve complex problems in 
structural mechanics has been well documented (5). Tho method 
has gained acceptance not only because of ite versatility in 
handling complex atruotural problema, but 8180 beonume of the 
Highly syatematio manner in which tho probles 18 formulated and 
subsequently eolved. Besentialiy, the finite element method oon- 
mista of replacing tle actual continuum by a mathematical model 
ооаровей of structural elements of finite sizo having known ela- 
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Stio and inertial properties. Those stmioturel elesents serve 
ма building blocks of the systes whioh, when assembled, provide 
approximations to the statio ant aynanio properti 
unl systen. 


f the ao~ 


‘Tho basio approach im analyzing a thin-walled bean ав 
а not work of discrete elementa сал be sumarized їз four 
stops (26) аа follow: 


(4) то continuum must be separated by а geri, 
surfaces into a munber of ''finite element 
thin-walled member such as a thin-walli 


of Lines or 


+ Por а prismatio 
ous, enoh finite ole 
Sent is represented by a longitudinal segment of the whole Daan. 


(8) ма elesents aro nosed to be interconnected at a dia 

‘crete number of boundaries to atleast one adjacent finite «еме, 
At each of the connection boundaries а nodal point 18 designated. 
Yor a thin-mlled bean the nodal point at the connection boundary 
is tho shear center with generalized diaplacements such ав trans- 


lations or rotations at this point conprising the мейе unknowns 
of the problem, 


(3) Tho most important step in formulating the finite ele- 
ment procedure is choosing a function ог functions to define 

uniquely the state of displacenents within each finite element 
in tars of itg nodal displacement, 


(4) Finally, once the displacement function has been deter- 
mined for the element in terng of nodal displaoexonte, tho strain 
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ate 


within eaoh slesant oan readily be fount. Typleally, for 
elastic materials, a differential relationahip exista between 
‘the diaplasement and strain state 
the appropriate constitutive relation, establish the stress state 
within the element, the strain energy, potential energy and 
Kinetic energy can bo 
del displacexento. 


« Tho strains, together with 


Xpresset in teres of ite generalized no- 


З, Фада рида XUI. голи POR ТСО, 


The finite elexent formation of the general struotu- 
Fal бувало response problem remite in the Bquntion (26 ) 


ГЕТГЕН ва) 


(84), E аа нө "tot ти mateta! іл wash the 
озин E, gives the қолана force develoned at potat 
1 as the теі of unit generated dtaplaconnt le 1 impose 
o2 potat J, аш other үзіне being sestzalso to xero арја. 
nent. Fhe ooetristont б, of the ' total stability eoeffietant 
жік! 5 sepresents the «қылып Loe at coordinate 1 мышь 
төз in а generalized даровит Буг 1 nt point. the oo 
изо бүү of the "tot mrs заби presenta the mas 
inertia дәм at point 4 developed зу а хан вов йагып 

At polat 3. тәнінен d, A ant F are the generalised вита 


T 


cements, accelerations, ала loads respectively. 


та the finite element deformation method, the бөгогаа- 
‘tions of the structure are assumed to be a function of the gene- 
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Lined displacements. The Aisplasements should bo continuous 


(сезді Бошам of adjoining «өзенін, вонИнцяня bray tha 
Mlenente, ant satisfy the displasesent boundary conditions, but 
‘they nood not satiafy tho Cauchy equilibrium equations. 


Using the general prooedure of the finite «ішкелі method, 
the total structure 18 devided into а number of slesents. These 
slenents are comneotod at their corner or nodal pointe. Consi- 


ing а typical throe-dinensional eleaant N, the displacesents 
are given by 


Gs y, РА Gs у, =) fight) 23 


here the elementa of ü аге components of the displacement vector, 
A fe a matrix вон 


у, and =, 


elementa аге functions of the coordinates x, 
AnA the elements of Ry are the generalised coordinates. 
for the N th lement with tine-invariant magnitudes. The strains 


are given in terns of nodal displacements using the strein-dis- 
placenent relation. 


Thus, 


© Gur 


*) 48 (хунд R(t) (3.5) 
жеге 0 16 


matriz giving the strains in tema of the 
344 ейел. Vele the ot 


-atrain relation, the 
strain energy cen be obtained. 


Thus, 


© Gurus) = B (ра) Е (ауа) в 
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and the D matrix consista of 


appropriato materiel constants: 
‘The strain energy U ia then given by 
. 1168. (3.0) 


where BÎ representa the transpose of the strain satrix E and v 
is the volume of the bens. 


Substituting Вуз. (5-5) and (5.4) im а-(5.5), the etrain 


(5.6) 


where 


щ- ЛИ БЕ е, (3.7), 
+ 


жга da oaled stiffness matrix for the N th element, Sintlarly 
‘the potential energy can also be written in teres of the genera- 
24894 coordinates and the stability coeffioient matrix By for the 
Ж th element can be obtained. 


Tue Kinetic energy Т 18 given by 
те ЛИ È ar (3.8) 


Substituting Bq. (3-2) into за. (5.8) we obtain, 


тИЦ Thy ar Е, 


(6.10) 
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and is called the mass matrix for the Nth element. Tho stiff- 
ness, stability coeffiolent and saos matrices for the complete" 
onnecte! structure ia obtnine by MIALtHon of the oosponant 
matrices. А given colum of the matrix consists of a list of 
generalized forces at sach of the nodes for unit generalised 
Aisplacement of a given node. When two or more elosente have a 
common node, forces are simply added. Thus if È 18 the final 
stiffness matrix for tho whole structure, the elements of аге 
wilt as 


DEDI (ва) 
ang шашу 
ЖЕРЫ. (3.32) 
8-50, EEE (an 


Assuming that the displacements undergo harmonic osoilla- 
tion, then the displacement vector Hy can be written ав 
үз) = Fy e Paê (5.24) 


where Fy 1 of the generalized dia- 
placements Ñy and p, ia the otroular frequoney of ogoillation. 
Substituting Bq. (5.14) into Bq.(5.1) іле 


[2-8] Са] = м [RT ER (535) 


24.(8.18) representa an algebrate eigenvaiue problem. Та 
this finite element method, the matrices [R 1, юм на be 


column vector of anplitude 
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willy ашабы. Те the жанам азай рейс ам зайг 
энә definite, a11 oigenvauen HÊ, will be reat, ponttive aber 


Moreover, the eigen veotors of eymetric matrices are in- 
dependent; therefore, the matrix [Fy ] is nonsingular. Another 
чавга property of symietrio satrio 
fare normalised in auch а way that {ү}? [Ej = 1, the tam 
of the modal matrix 18 equal to the transpono, that 18 the modal 
matrix 18 orthogonal, 


to tht if the eigenvectors 


me 
by numerical gchenea that are either ain 


4genvalus problem for large ayatens can be solved 


tor iterativo. The 
Atroot methods are more 


‘though the iterative shoeses aro suitable for computations when 
only one or a few of the eigenvalues and their corresponding eigen 
roaches to be 
found in literature are the Jacobi, Givens, Householder ant Q R 
Method. Among the iterative techniques are the power ог Stodo 
Vianello method ant inverse iteration. А discussion of these 
various methods is given in Ref.(1!!), In the present work, 
Jacobite 


бога аге needed. Anong the various direct 


hoi is utilized in solving the eigenvalue problems. 


Ла the past the use of polynomials 
ола has been popular for describing the éisplaoenent within 
each finite element in terns of its nodal displacements. For 
‘the present, to describe the twisting behavior of the thin-wlle 
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oun a cubic polynomial ie asolined to approximate the angle of 
twist within ench finite slesent. Тва motivation for choosing 
«озо polynomial 18 that tho contribution to the etenin energy 
due to warping (See 24.2.2) involves a өвөлд derivative of the 
angle of twist. Choosing а cubic polynomial assures that there 


W111 be а non-sero contribution from the warping term whereas 

Af the angle of twist only varied linearly there could be no con- 
tribution fron the warping tem ва in thie cnoo the second deri- 
vative vanishes. 


For sach finito elenent of a lengthy thin-walled bens in, 
torsion, there are two generalised nodal dleplncenents at the J 
fond of the {th member. Mec 


nodal displacements are 


By = «мд» of әжім at tho atone center about the 
Aongttudinal saxte; 
8) = xate of change of angle of twist at the shear 
conter about a-axis; 
ore the aubecrist J denotes the generalised displacement at the 
d «га of the th finite element, Sintiar generalized modal ate 
Placonenta exist at the К ond of the elanant. The prize denotes 
differentiation with respect to в. 


1f tha teint within each finite element 18 assumed to 
‘vary cübicly the &isplacesent function takes the form: 


SG) = ۾‎ + bg es as? (3.16) 


То establish a relationship between the displacesents 
at any interior coordinate ж in terms of the generalized nodal 
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coordinates, the four arbitrary constanta in the 
Placement function must be determined. For instance, the con- 


stants a, b, o and 4 can be determined from the four sisulteme- 
ous equations given as follows! 


жо) = dy = (ват) 
шо... 
мо тъ 


(ваа) 
8(3) = бүт ағына а (3.19) 
м. مھ کد‎ (3.20) 
“ за 


Where 1 ia the length of the slesent which 18 ame fraction of the 
total beam length 1. 


Опов the four ooefftetente have been determined, the angle 
of twist at any coordinate 


thin the element in terns of the 
four modal Gieplacesente fy, 9йу/9в, # and 9 /Зв 18 uniquely 
defined, as followo: 


ж) = гэ » eF), Got 9254), 32-88, (вэ Ён 


(а) 
where f," s/l ia the &imensionleas length of the element of the 
bean. 


Bq. (3.6) oan be written in an alleviated form ааг 
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f(s) = Ка) Balt) (3.22) 
where 
ate) = [Gs зе), (anger fe), (992-279), C J 22 
m 

ЫЛОО! (3.24) 


Similar matrix relations exist for the first and second 
derivatives of И which can be written as: 


# (e) = (GG) Ryle) "= 0 59 (3.25) 
a(n) = (E (а) y(t) )'= Tla) (+) (3.28) 


Ls ». 2% 
Pepp 


(3.27) 


. B В В 
FECI Poftea- wipe tee] 


алы 
нь еа тед), 


(3.28) 
The generalized velocity and accelerations can also be 
expresso in terms of the @iscretized nodal velocities and заое- 
Lertions. That tas 


ie) = Hs) y(t) (3.29) 


Жа) = Ts) (+) (3.30) 


where dote denote differentiation with respect to time t. 
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3.4 FORMULATION OP XLXMENT MATRIOBS: 


ue expressions for the kinetic energy 
U and potential esergy W, derived in Chapter II ( 


(а.а) and (8.4) respectively) for an element of finite length 1 
can be written as follows: 


Цаг Тез d (3.31) 

2.4] ке» ao 4 xe E 277) 
E 

"ызалы зу) 


Pron Hamilton's principle (See Ва. (2.1) ) we have: 


ae ор aww 19 вым) 


Direct substitution of Ев. (3.22), (3.25), (5.26), (3.29) 
fend (8.30) into the energy expressions (3.31), (3.32) ала (5.38) 
yields (for the Nth element): 


Js ie акта 
[Pinnu ye 
ӨВ | Р НИ ыы} at =0 (3.35) 
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Bq. (3.38) can be also written more concisely ast 
ве Геров А, - oti к, Да 


+ туш) Қ, Sy Шу, | дъно (8.36) 


Ла За (5.36) the terme ( (1,08, (ВО /ТУЕЦ ana 
(Ех/4105, denote ronpeotively tho nae matrix By, the stiffress 
matrix у and the stability coefficient matrix Ву of the Sth ele 
ment, The matrices бу, Ky, Бу ant Ду are given below: 


завие. 
sat 4 impel 
ы > Жл | ше ы чыё am. 
аш з omoa 
зай 
"ue Pr 
d PIC 
на а а 
зен 
е x эн 4 Sm. 
то за? ш sar? 
NC PR 


m 
BL на а тъ m 
Зов | sat sau мї + 
ам ә e а 
set В 
m. 
2 "um 
ar я ІНЕ м“ е” 
м м’ mw 4 
E 
By = ys А] (3,40) 


where N denotes the number of the slesente and 1 = m/l te the 
dimenaionless length of the total bean. 


* The equations of motion for the discretited systes can 
mow be obtained by using Ва. (3.36). Taking the variation of the 
Antegral expression of Ва. (3.36) we obtain: 


НО ГОЛ" 


+ ES 212 =0 (за) 


shioh after integration by parta over the tine interval 
5 “ 
права а |. 
e aufn saei ано 


(3,42) 
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The first term in Ра. (5.48 18 


yon to талі im view 


Of the aesuspiions nado previously that the virtual displaceme) 


mter кы = 
Қал сол. 
кешеди Sty ш өйы э 

сз = 
eem 


Үл 5, е (6,229) Бү ас С) 5 


Assuming thet the displacements undergo harmonie овец 
lation, then the displacement vector Ey can be written 
вм 

une Ве 
чөгө Fy 18 a column vector of torsional amplitudes of the gene- 
Fal torsional displacements Hy and p, 18 the circular frequency 
of toratonal osoiilation. substituting Bq. (3.44) into Bq. (3.48) 


Are sero at the tine inatantn t) and tp. ince the virtuel 


Ryd — Gan 


(2.44) 


gives: 


(erq, ЯГТ- 


5 
Deviding throughout by ВОИ and cancelling ө Е, 
Bq. (3.45) becomes: 


Er og] = (3.46) 


where A? and)? are respectively the buckling 1684 and frequency 
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at. ^ (an) 
х. ES (sua) 


23-(5.46) represents the equations of motion for an undanped 
freely oscillating setas. 


For a bean which is stationary (not vibrating), A = 0 
and Bq. (5.46) reduces tor 


Б В - 2° y yl 222 


Жа. (3.49) representa the equations of notion for the torsional 


buckling of a dean resting on continuous elastic foundation 


‘EQUATIONS OP SQUILIBRIUM POR TNE TOTALLY Аззыр BEAM: 


Jo previously mentioned, the antrioes Ry, Sys B, ant By 


element and are thus denoted as 
то obtain the total etras energy, poten- 
Mal energy ani Kinetio energy of the beam as an sosesblage of 
JN finite elements, the stendns4 finite elenent procedure is өзр- 
loyed. Tho procedure conata 


of miming the contributions of 
ouch element to fom overall stiffness, stability coefficient, 
mass ant ieplacesent matric 
‘the entire bonm, 


which reflect the total energy of 
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The variation of total energy ВІ for a thin-walled beam 
oonaiating of ¥ finite slesents 1a 


w 1623 UT 


= Go лд, Ey Haye (тї, IRE, 5 May Je =o (3.50) 


After sumation ant integration by parte over the tine 
interval 4. (5.50) зөвовөв: 


ES «пр Ще (RoE А, („уш zje -° 
22: 


Fron Па. (3.81) the equations of equilibrium for the totally 
кавовій bean oan bo written ast 


С-де) [#1-% [=] [8] (з.е) 


whore E, 5, and Е denote the totally anvenbled matricea corres- 
ponding to the element matrices Ey, Бу, Бу ant Fy defined provi- 
ously. With the tro generalised 4laplasemente possille at each 
лобе and, with the bar saguented into N elementa, the maber of 


Чөргөөв of {төөдөз is 2 (N11). 


For a bean which is stationary and not vibrating, X= O 
aná Bq. (5.28) beoonent 
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(el [5]-2* [a] СЕТ ts. 

тз» formation of the above matrix equiiibrius equae 

ions for the totally assent, enn, Зав, (5.82) ала (5.53) in 

clude all зов degrees of trenton, bath free ant restrained. 
Me tlaplaoesent veotor 2 of thts overall joint арчина, 

scuations 48 бирео of both degrees of freedon, the юнан 


Of the problems ала known support dleplacenenta or boundary con 
а Нова, 


BOUNDARY опкртътотв: 

Tt should be recalled here thet for the present finite 
sleaent formation, only two generalised dteplacesente are com 
sidered at авай node. Henco, to notify the total sti¢mess, nase 
ant stability ovetfiotont matrices for various combinations of 


ont supporta the following boundary conditions are to be utili- 
p 


(a) for а ''өйшрлу supportet end'', the ond of the bar 
does not rotate but 18 {гөө to warp and hemos, 
f-o (5.04) 


(>) for a ‘'olanpod ont! *, the ond of the bar 48 tutit- 
ДА rigily во that no deformation of the end erosa 
section oan take place and we have, 

Яно ам ио (3.58) 


(0) for a "tres өмі! the total габ: ове are to be used 
without any motifiontion. 


А general ooaputer progran 18 written in Fortran ТУ to 


suit the IB 1130 Computer at the Computer Center, Andhra Uni- 
Versity, Waltaiz, in order to obtain the eigenvalues i. 
‘frequency pereseter ава buckling 1944 pareseteró for various 
‘Values of the foundation parameter | , and thelr associated 
‘igen veotora for various ond conditions. 


follows? 


The steps involved in the eomputation progres are as. 


mmber of елата и, 


To form element stiffusss, mtability oveftictent and 
ваза atrio, 
To assemble the total stiffnese, stability coefficient 
and maso satio: 
To modify the total matrices aocoming to the specified 
boundary conditions. 

To solve the eigenvalue problem utilising 2ассы 8 method. 
To peint the given element properties, boundary conditions, 
umber of elementa, eigenvalues and their associated eigen- 
vectors. 3 
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BRSULS AND CONCLUSIONS: 

The values of? for the first five frequencies of tor- 
atonal vibration of siaply-eupported beam, obtained for a divi- 
aion of the bees into X = 2,4 ам 6 megmenta fer values of 
Warping parameter К = 1 and 10, and for values of foundation 
Parameter = 2,4,6,8,10 ant 12 are shown in Tables 3.1 and 3.2 
mespeotively, whioh can be observed to oompare well with the 
emot results obtained in Chapter П. The values of 8 for the 
first five torsional frequencies of simply supported bem», for 


A division of the benn into N = 6 segnenta, for values of warp- 
ing paremeter К = 0.01 eni 0.1, for various values of Ў = 2,4, 
6,8,10 and 12 are presented in Tables 3.3 and 5.4 respectively 
ani have compared well with the exact ones. 


Tn fables 3.5 and 3.6 tho romilte for free-free and fixed- 
fixed beans are presented respectively for a &ivision of the 
been into N = 6 segments for values of К = 0.01, 0.1, 1.0 and 
10 for various values of y = 2,4,6,8,10 and 12. Prom the re- 
multe presented in Tables 3.1 to 3.6, 1t сап be observed that 
tho frequency parameter ^ incretaen for increasing values of 
‘the foundation parameter ў . It oan leo be observed that as 
‘the mode number n increas 
92 foundation parnneterY deorenses. The influence of nores- 
sing values of the warping parameter К can be observed to be 
increasing the frequency paranetor A irrespective of the ef- 
fect of the continous elastic fountation. It omn be concluded 


(8ө., for higher modos) the influence 
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‘therefore, that increase in the values of warping paremeter К 
«а foundation parameter Ў contribute for the increase in the 
‘torsional frequeney parameter > P. 


Та Tables 5.7, 5.8 and 3.9, the values of the frequency 
Parameter A? for the first five notes of vibration are presen 
deb for simply-supportei, fixei-fised and, fixsi-eiaply suppor- 
ted beams respectively, for various values cf axial load para- 
T A and foundation paremoterj! , for a valuo of warping 
Perenoter К = 1. Thone results are given for а division of the 


beam into four and six segnenta. Tt сап be observed from Table 
8.7, that the resulta for the sinply-gupported beans compare 
Nell with the exact ones. It сөл be also noticed that increase 
dn the value of axial 1084 parameter A , for any constant or 
Haro values of the foundation parameter 3) ant warping parameter 
Ка da to decretae the value of tha frequency parameter > 2. 
Similarly 1t сал be observed that, for any constant or zero 
‘values of the axial 1084 parameter , the increase in the values 
Gf foundation parameter у and warping parameter К is to Increase 
he value of the frequency parameter A. 


Hence It omn be concluded that the он 


ined influence of 
екілі load parameter û , foundation parameter) and warping 
parenotor К on the frequency parameter X? 18 the algebreio sun 
of the individual influences of these parameters, In general, 
for all the cases presented hore, the results fron the finite 


element analyais are in excellent agreement with the exact resulta 
from Chapter Il, ant the convergence of the results io quite 


т 
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а а E 
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fastory for 


division of the benm into aix elemento. ence, 
‘the finite elesent model presented in this Chapter, whioh in- 
cludes the effects of warping, axial compressive load mni ela 
atio foundation is quite satisfactory and yields good result 


4.1. шали: 


Та the wlytionl studies presented in Chapters II and 
111, the protlems are formulated utilising the Tixoghenko tor 
sion theory (98) авд, the affects of Longitudinal inertial and 
shear deformation are neglected assuming the bean to be lengthy 
‘compared to the eroas sectional айзепайоля. But the corrections 
due so longitudinal inertia and shear deformation may be of in- 
portance if the effects of cross sectional dimensions on the 
‘froquonotes of torsional vibration are desired. 


Timoshenko torsion theory, though intends to be an 1m- 
Provenent отаг the classical Saint-Tenant torsion theory, suffers 
‘from the defect that while dispereive in character, very short 
wavelengths are propagated with infinite velooitins, Thus, this 
improved theory is 1191984 im ita description of high-frequency 
(short-wavelength) vibrations and, because it contains no delay 
tise (infinito veloosti 


At de not suited for problems invol= 
‘ving the response to sharp transients. So sueh-ao, Timoshenko 
torsion theory cannot be justified for short wide-flnnged beans 


Жош pepa дана Chanter vere ролеви by the nuto, FV: Ape 
mao and Разно (а thn Jot oj аа тое 
Касап Society of Indi, өөө Aet. (47 
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fan higher modou ТТІ 
pen 
aono чабан ЕВО on frea torsional 
ation ineluding пасо order ej 


Though thero exiai 
vibrations of beans of opon 


foots 


шең aa longitudinal nort: 


shear deformation and shear 
of а simply 
supported bean, Stating that tho feaqienoy equations for other 


lag, solutions wars given only for the sinple oni 


‘boundary conditions are highly transsonontal in nature, thair 
solutions were not attonpted. Tho effects of longitudinal iner- 
‘tha and өдөөх deformation on torsional frequencies for various 
boundary confitions of short wide-flanged thin-walled beans of 
өрөх section were not yet fully analysed, Further, it im observa 
‘hat the torsional froqtenay valise for Хаан standart wide 
‘flanged I-beans aro not made avaliable the алевиите жї , 
эмэ 


‘The prosont chapter thorefore deals with exact and app- 
woxinate analytiosl solutions of torsional vibrations of short 
wide-flanged thin-walled beams of open section, for whioh the 

hear centes and centrold езіле 


inoluAing the effects of lon- 
иланы1 inertia and shear deformation, The governing equations 
08 motion are dentred uning Maniiton's prinoiple. The method of 
solution used by Жал (09) їл the emalyaie of Timoohenko beam 
‘equations in flexurel vibrations, 48 applied to the coupled 
equations of motion to derive а clear and neat sot of frequency 
Amd nomial moda equations for aix oomaon types of simple and 
finite beams. Solutions are obtained for two complete differen- 


tial oquations in angie of 58188 and warping angle respectively. 
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Me constanta in these solutions are related by any one 
of the original coupled equations fron whioh the two complete 
equations aro derived. Tho nivantnge of this method 18 that 

‘the boundary conditions prescribed are homogeneous and the ana 
lysis becomes quite sinple. The expressions for orthogonnlity 
‘and nommalising conditions for the principal normal modes, which 
‘are useful in solving forced vibration protiems and, which in- 
elude both the angle of twist and warping anglo are also obtained 
4m this Ghaptor for both the general onse and for beans with va~ 
hows sinple end conditions. 


ont " 
se спи ба tetigi вена desi data кат 


ented for tho torsional froquomoios of Wide-flangel doubly myu- 
metrio 1-%евлв with various types of end conditdena, The года: 
for the firwt four nodes of vibration for various types of end 

oniitiona are presented in tabular fors muitable for design ume. 


То supplement the exact solutions, with approxinate analy 
ona solutiona, the problem im lac solved for sone typiosl 
boundary conditione utilising the Oxlerkin's technique. Depen- 
ding upon the easuned functions satisfying the presoribei boun- 
Gary conditions of the bean, Onlerkin'o technique is found to 
give nearly accusato resulta, 
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4-а. BASIO ASSUMPTIONS: 


Tha problems investigated in this Chapter are regtrioted 
to the following assumptions: 


4) he material of the bens ia homogeneous, 1sotropio and 
obeys Hooke's las. у 

3) By symmetry, the cross sections rotate with respect + 
to centroidal axis, the warping 18 confined to flanges only. 

8) Piane aroan avotions of diffarant atmight pio 
main plane, ant warping acoross the thickness of these cross 
Мода 18 neglected. 


4) Te distortion of the wad out of Ste plane 18 
negligible, 4 


ЦЭЛ 
hour stresses on the flange-wed section. 


f) No internal and external damping foros exiat. 


6) Tue deformations are sell compared with the oro 
otional Ainensions of the bean in the Linearized problem. 


3. DBRIVARION OP DIPPENENTIAL DUAPIGES OP MONON: 

Pign.4.1 nnd 4.2 how а differential elonent of length 
Gf a wide-finmged T-bean untergoing torsion. The strain energy 
U, at any instant + їл а bean of length L due to Saint-Yenant 
torsion ле (See Bq. 2.28) 


қ-а, Уш 


(a) 


ло Y но $39403 са: на 0 


9) 


імзАЗ13 муза Y 


мал 401 (2) 


30 31815 OINIVELS -2 он 


мэм 1NOM4 (v) 
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Aooompanying tha mtation fa л warping of the отоо 
section which 18 assumed constant in each piece of the eroe 
section having a monent И. Thus for the wide-flanged aeotion, 
warping is confined to flange alone and its angle of rotation 
denoted by W (yt); вее Pigs.4.1 and 4.2. 


31g. (b) showa en өїөтөпї of the top flange, 1f w iu 
‘the mdloplacenent of a point in the top flange, then 
we (x) в, +) нех (4.2) 


‘and the g-oomponent of strain ta given by 


м. = (n 


Tue section ig thin, ao wo assume 07 у= Ty" O, and Hooke!s law 
given тү” Бү, whore В 10 Young's modulus. Nonong M due to 
өзге 


not axial foros, and sonent X in the top flange and -M in the 
botton flange ounce! so that no net moment M, өкініш on the crow 
weotion, If Up is the strain energy of the two flanges бие to the 
warping normal stain (45), then 


wr Тэ Л =} am Ge a 


If Cy, da tho shoar etzain at the center of the flange, 
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ж = 0, thon by definition 


быт tHE -v (4,6) 


where u {в the х-Цорддовпвае of the top flange center line. 


Bq. (4.6) Antroducon the effect of transvers 


shear deformation 
used fox bara by Tinonhenko (101) and Jator applied to plati 


цэ 
(4.8) 48 авишиа proportional to tha total shear force Qe 


ак 


where Ay is the cross oeotional агаа of the flange, and K ia 0, 
the transverse shear coefficient, The equal and opposite shear 


forces ду a distance n apart in the top and bottom flanges, give 
тіге to a torque due to warping, Ty, given by 
a, =~ @ rad E v) @з) 


dn which displacement compatibility at the web-flange joint 


11221 в. 


ел aed to elininate u in За. (4.6). 


The total torsional couple, Тү, on the orons в 
given trom Бө. (8.88) and (4.8) аа 


э Tet Bye 00, ETTV ROM (222 


Tho brain anargy Aus to shone dofomation of the two 
Flanges, Ug, dn 
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The total strain епоху, U, at any instant t 18 given 
fron Ве. (4.1), (4.5) end (4.11) by, 


ЕТИ Е (Л аад 


ф®) ахай E же [m 


The total kinetic energy at tine t 18 


ха һе» “зе |» аз) 


where the first tem is the Kinetic energy of torsional rotation 
И and tha second term ia that duo to longitudinal (warping) ate 
Placementa of the two flanges. 


Binoo our object here 18 to atudy tho froe vibrations of 
‘the benny the potential onergy, W, of the external force system 
da taken na sero. fand U trom Бар (4.12) and (4.13) are oud 
stituted into the llamilton integenl given by Hq. (8.1), and vazit- 
Мола taken, and after integrating the firat two tema by parta 
with respect to t and next thron with renpeot/b, we obtain: 


M (е, Berma  0-15-0: E} w 
e 


чан захаар ор 2 


d (5,8 вата ELO 
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В 
4 Е эхэн LEE 


ал 

Assuming that the values of jf andj are given at the two 
fixed instante, the өв integral vanishes, If the boundary 
seditione are auch that the taira integral eles vantahen, then 
нэ obtain the following two coupled equations of motion: 


(4.18) 


жү буума tw -a 80 wao | 


2) 


Та deriving the coupled equations (4.15) and (4.16) from 
(4.14) it was алелей thet the expression 


[5 ела im t | 


Vanishes at the ends 5.0 ent mD, This condition 18 satisfied 
Af at the two ends, 


ЇЕ ¥ E ESI %-о, выт) 


X ipeo. (4.30) 
„ 
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зала. (4.17) ana (4.18) give the naturel boundary оопа опа for 
. ‘the finite bar, and are satisfied if the ond conditions are taken 


о (4.29) 


Mnene conditions imply по end rotation and mero bending moment 
‘the web ia constrained against 


rotation while the flanges are free to warp. Thin 1a the ом 


im the flange-ends. In this ован 


of a "Simply Supported antt, 
+ 
4-0 amy =o (4.20) 
conditions imply constraint against end rotation вв well ва 
end warping, ant hence give no ent deformation, These conditions 
define а ада юм, 
м uoma оо, кар Aw) но ви) 
; conditions ieply sero bending monent in the flange onda and 
ло torque at the өм! exons pentlon. The end а thun free fron 
emotions and the condi tlona norranpnn tom fren an!" 
4 4. pao, co, Харь 2-9) то 
or eqiivilentiy, 
фто, со (4.28) 


Тһе latter conditions imply по wesping and sero shear forces in 
the onā flanges- 


These conditione are useful for finiing symmetric nodes 


of vibration in simply supported, fixed-fixed, and free-free bot 
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(5) ZDU-DEPEDENT BOUNDARY CONDITIONS: 

Tue homogeneous boundary conditions discuss 
біле the free vibrations of beens. Por forced vibrations pro- 
биге ty the motion of boundaries, appropriate time dependent 
«па conditions are given by prescribing at each eni one member 
of oach of the proaucta: 


Ї MILI р EE 
or equtvalentiy of: 
хүй ant айн, 


Of tho many conditione thus obtained, the following are of more 
‘theoretical interest; 


above 


Hoy, 


As torque Тұ prescribed, bending moment M = 0 oF} = 0, 


8. Sor Й prescribed, bending sonent N = 0 orl = 0, 


3. bending nonent M prescribed, torque R= 0 ord: = 0, 
4. Y or FP prescribed, tongue т, or f= 0. 
Та the onse of semi-infinite мша, conditions need be 


prescribed at one and sinoe all physionl quantities at any ins- 
‘tant are sero at the far end, 


4..1. ашый шы m диша. OF msr: 

Eliminating р between the coupled equations (4.15)and 
(4.26), a aingie equation of motion in angle of trist f may be 
obtained аат: 
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кез oe 


ce fires аре E o (4.25) 
34. (4.25) 18 а Linear partial aifferentisl equation of 
fourth order, and 19 of the same form ae the fisoohenko bean 
equation for Палата) vibrations (100), under an axial Хом P 
which introduces an additions) tem (as spring restoring 
force) in the Timoshenko equation. It 18 clear that the tem 


НЭГ — 


Bq. (4.25) reducnn tor 


(4.24) 


‘Thin equation represents Seint Yenant torsion theory for slender 
beans and doen not include warping of the cross section, shoar 
deformation and longitudinal inertia effects, It te given in 
Love (76) and ia discumse by беге (32). 


ш) с, = 0 and к'- =, than B4. (4.23) becomes: 
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The second сага represents Love's correctional) for « 
the longitudinal tiertin плей to Ya. (4.94) nnd porronnonda to 
Rayleigh'e corzootion(cel, for laterol inertia in the elementary 
‘theory for longitudinal vibrations. 


шэн 


ms, BE - 00, Er -o (4.26) 


‘This equation represente Tinoshonko's torsion theory which In- 
cludes the effect of warping of the cross-section ant hes been 
‘treated in detail by беге(52). 


iv) м x's =, 14.14.23) reduses to: р 
г 
mE Sete em. 


This equation represents Love'a correction added to fiaoshenko!s 
torsion theory and corresponds to Rayleigh's correction of rotary 
dnertia(/09, in the Bernoulli-Buler benn theory. 


Y) IE рдун 0, then Dg (4.8) 18 given ват 


Bh so 328 d e Bs eo во) 


This equation represents the effect of shear deformation aided 
to їїшогһөпко'а torsion theory. 


Ti) ве part of Sq. (4.29) given by: 


1201 
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ахїгзөз fron the coupled interaction of torsional deformation 
with the bending effects of shear deformation ani longitudinal 
dnertia, the Е tom 1з responatble for introducing at high 
frequanoies and short wave lengths, a new node of wave tranenis- 


sion in long bars, end a completely new spectrum of natural fre- 


quencies in finito bari 
4.6. MON ONLLISATIOS AD с зоштит: 


Miminating И im Eqo. (4.15) and (4.16) wo obtain th» 
complete differential equation in warping angle ip ast 


Gee omy а салыт) ше, T 


ер ver, By PP HE no [m 


тай 
les 
LEN (4.30) 
= pa ро (4a) 
зе 22) 


where } is the normal function of Й, 9 the moral funotion of 
фр» 2 the soncaisasaiomal length of bens, 4 = YEE, pytho natural 
frequsmay of vibration. 


Substituting Eqa. (4.20) to (4.38) ала omitting the faos 
tor Аа, Ба. (4.15), (4. 


+ (4.23) and (4.29) are reduced tot 
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[rM 22) 
4857: Gute + over) Я -о (в.з) 
(iy AIF ова, В MON лай „о (4.38) 
ағала ӘР Paata] = o m 
3 аз” 
М TED , troquenay parameter, (4.38) 
warping parameter, (4.39) 
, Jongitutizal inertia parameter, 2 
ЕЕ ро cheer deformation эмс 22) 
Када" 
and the primes for Й and jp represent differentiation with reo 


Dect to д. 


The general solutions of Bas. (8.35) and (4. 
found ааг 


) oan be 


P = Ay comm Хари + 4p ainn apd + Ау сола + Ay малды (4.42) 


ГЕТЕ haps + Alina tgs + Цеовд л (1.45) 
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where 


pret Е 
қ тана 7E |. 5 


A 7 
(им ий» ойн) 
з макта. 


In oase A 
Tiata? st. ang] ‹ tata a) 


wo write 


В 
Valor z 
са 
Than Eqs. (4.42) ала (4.45) are replaced by 


Ñ = Ayos hapt + 4 Agata apt + дров 2ر‎ + EO 
Prd малай + вода + qela) вы + дров faz (а) 


Solutions of Еда, (4.42) and (4.43) or (4.46) and (4.47) aro natum 
relly the solutions of tha original coupled equations (4.16) and 
(а), 


Only one half of the constanta in Во. (4.42) and (4.43) 
аге independent. They are related by Bye. (4.15) or (4.16) ва 
follows? 


4- ot [mn] 

vis bas Ї-мад По 
а 
dis ПЕЕВА 
4- ЧЕСТИ 
[берег], 


or 


4-% 
в 


121- 


тво, peo ч.м) 
215 ашаа, 
%-о,%-0 (4.87) 
э. зе End: 
DEDIT ET ADDED (4.28) 


The application of appropriate boundary conditions (4.66) 
‘to (4.08) and, relations of integration constants (4.48) to 

а) and (4.43) yields for each type of 
jan alet of four constants A, to A, with or without primes. 


(4.00), to equations ( 


2 
sIflolonis of A'a miot be equal to sero, Та 


In omer that the solutions other than sero may exist the 
minant of Ы 


leads to the frequency equations in ench case and the root of 

‘thane frequency equation, Xi, 1 = 1,2)3,.-.n, Біле the aigon va 
uem of the problem. The corresponding modal funotions, Й, and 
Ber зал be obtained accortingly. 


(20:72 22775777 


Tue boundary conditions for a beam simply supported at 
both ends arer 


MENT 
9-9 =0 мачо 


jap -о мана 
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For the boundary conditions at Т = 0, Eqs.(4.42) and (4.43) 
giver 


дето, ! 
[iere 1) + aja,- [effet n Урд = o 7 
Since the secular determinant, 1e., (88086 10042008) И 0, there- 
fore ік follows that! д, = Ay = 0. (4.09) 
Jor the sesond pair of contisions at 3 = 1, 340, (4.48) 
and (4.43) giver 


SED Аар Ay ain В, то,‏ په 


+ 1)» даите ۵ ву (ЖОН) «аан 0, 
КТ 
For a non-trivial solution, the seoular determinant must 
vanish. This gives tha charactorestic quation: 
[X + Қ) шада, ain, = 0 (4.61) 
Binoe (axt 1)(08 + Ж) # O, the possible solutions are: 
Deg =O, Лето 
Харто, Айо 
Лазо, AB =o; 
Мер #0, AB, = ия, амаа, 
Tue elution), Абу 0 їз not wild ant the cases Ла, КО, 
Mig = 0 and rag = 0, Ay # 0, by ва (4.44) зарууд ®= 0 ana 
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М = 8248 sespestively. Using the Бае. (4.42) end (4.45) and 
following the above procedure for = 0, ant for)? = 1/afa?, 
тө сал see that the fomer onse 1аала to а trivial solution end 
tile latter tor 


шэг (4.02) 
Тва orttionl frequency? = 1/8842 thus represente the firt 
‘thickness shear mode of the flanges (150. The extetence of this 
mode for the simply supported case of Timoshenko bean in flexu- 
ral vibrations has been dosonatreted by Trail-lish and Collar (3). 
Tt 18 overlooked by Anderson ( 5) and neglected by Dolph (3) by 

а wrong interpretation of the associate resulta. 


Тва Inet case: 
Neg AO, ХР mney пера. (4.65) 


leads to the main solution of the problem, Letting ЭЁ#®= nêr? 
dn ва. (4.44), the frequency equation in АЁ 1s obtained na: 


saint yee айыб ай ана [+ م ع‎ + Бо (ы) 


This equation gives two resl positive rooter 


ла, гә ықы 


Я 2 
+ с ағымы) enne | 8) 


This frequency equation (4.65) in 22, has an infinite 
musber of roota which in general represent two coupled frequency 
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spectra. It кау noted that the roots АЁ, ia slways > 1/4848. 

Mho тооба greater than the critica? value are alao sdsiositle 
since the same frequency equation {a obtained for the onse 

JF > л... тъз, both the ооо 4.68) аге admitted and oon 
atitute the two uncounted frequency spectra. 

айла (8.68) and (4.60) one sete: 

. это. (4.60) 
The modal functions are obtained from 2да, (4.42) and (4.43) with 
A'a given by (4.59) ала (4.66). These ere given эз: 


[NI в.” 


= ЕС m le E [T 
where Xê, being given by (4.66). 
‘The second spectrum appears at higher frequencies, grea- 
tor than the critical frequency A, given by : 
: 
А ута. (4.6) 


‘and 18 dus to intersotion between shear deformation and longitu- 
«ілі inertia. Eq.(4.69) therefore shows the thickness shea 
mature of the oriticsl frequency mhile Ва. (4.65) shows the two 
‘frequency врводта, uncoupled in the present case. 


The clasafenl Timoshenko torsion theory provides only 
опе set of frequeney spectrum, while the prenont analysis provides 


‘two frequency spectra. The eigen values) of the first set of 
frequency apectrum cover the whole range from zero to infinity, 
but tha 


ye білеп by equation (4.69) to infinity. 


af the second sot range fron the oritiosl frequency 


Yor this case of a sinply supported beem, Aggarwal (3), 
Teo (e and Keishne Murty and Joga Rao (70) algo illustrated 
two sets of frequency spectra. It is to be mentioned here that 
for the range of the values of the dimensionless parameters 


covered in this Chapter, Ais less thon >». 


Jor the сазе, A> Ду it 19 convenient to use арт шр 
and, the chazactereatio frequency equation (4.61) transforms to: 
هام‎ ag ain Авто (4,70) 
stare of io given by За. (4.45). 
Menoe, 18 сазе there 18 any extension from there on for 
A beyond A, ie., 28046 > 1, care ghouls be taken to account 


tor the frequencies of the second apeotrun which oan be obtained 
fron 2q. (4.70). 


By putting o®= 48-0 in Ва. (8.64), the equation for the 
frequency paraneter №, neglesting the effects of 
fant longitudinal inertia, oan be obtained ast 


oaz deformation 


M a nee (atate 1è) (n) 


which а the same ав that derived by Gere (32) utilising Timoshenko 
torsion theory. 
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4.7.2. EDD-FIXED выш: 
In the сазе of a benm which Ча built-in таладу at both 
fends, the boundary conditions are: 


Ge Pro wt 1-0, 


#=+фр=о at 1=1. 


Appiying the tovs boundary conditione to the 
Ве, (6.42) and (4.43), the frequency equation, for the first met 
nr 


sinh Хара AB, = 0 (4.78) 
The frequency equation for the second төз (А? A) tat 


2 озна) 008 Fy 


еко? ва?) +(50%-20°] 


ҮЗЛЕ (А TE Медна нээл то 


The modal functions for the first 


А are given byt 


Boosh ларе 61,9 вать» apt- 


грешен 


= озова лаза etri е Аун вв) 
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Ша вњ 


ай o dite) ае 


ч. Жык. ГД Байға). аба" 
2 2 


Вайк? 1)- a? ad (ois 1)+ а?а? 


ы» coli ой MO аи 
ба?а?» 1)- aê agla K+ 1) 85 


= cosh аз+ cosà Вр 
147% ша Марс sind f, 


= сові №а,+ сов f, 


Ёз 7 7 вана ара win dP, 


The model functions for the second set are: 


Я = В(соалау1- E 150 sin ау con Бин f pain 82) 


T = on Neg Ê ain ара вов бавна Mor) 
where 
ғ-/% 


сов Aas- сов Ай, 


Tz "Te gin are ata M 


- сова, + оов АВ, 


ауады лар жай 8, 
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Since the coafficients in jf ала Pot др (4.48) вла 
(4.43) аге related, the constants В and 0, thet appear in the 
Modal finotions given above are connected through any one of 


ола of (4.48) to (4.61) or (4.89)to (4.66), 


ДА ш or T um ш 


Mith the ond 1 = 0, taken по built-in end, and the end 
8-1 ва the ataply supported end, the boundary conditions are: 
ер но а ано 


ie 


"0 at pei. 


The frequshoy equation obtained fron applying the above 
Boundary condition to the general enlutians, Во, 


(4.42) and (4.43), 
for the first set (ХАД is given by: 


% залар tan Afp = 0 (4.28) 
Me frequency equation fos the өвсөнд set (3: tat 


Wo tanh alt tan Ag но 


22) 
he mode) functions for the first sot are given byt 
9 = ront Nah oh Dag gin Xet oon Ад 
+ oot AR aina а) 222 


шу 5 (вв) 
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' mere 
> (8 simh Аа,” sin App) 
gione аа Манал) (4.09 
eek ла," оов А) 
Tee эми functions for the second ent are! 
Moos Aajt- oot Na ain аја = ви yt 
* во Nip пода) 2 
5 Ф « Ooo ays - Д2 ain hapt- oon Адел goin il 2 
where 
1 4 ССЭЭРГЭЭ 
| "= 
| Geo Xag* зау f 
| 4.7.4. CANDILENER BRAX WITH OWE GND FIXED AND FRED АТ ТИБ OTHER: 
For а Cantilever besa Билл sipiily nt the өм ded 
вэ thet warping is completely prevented, ала with a fres ам at 
2-1, the boundary conkitions are: 
а E 


70, ute Fo at кзз. 


Tus frequency equation for the first set, in this c 
зал be obtained aa! 
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Tue frequency equation for the second set is given byt 


2 + [tete e seen} ooo S 


қосал а 


‘The modal functions for the first set aret 


(4.95) 
JP обози ege on con X pze Aoin Ал) (4.96) 
where 
ے‎ 2/8) aimh age at ( 
A5 тела ов 7. щит 
[I ERE 
доста 


MOD сов, шы 


The modal functions for the second set arer 


F = Boon date G'on, ain alte coe Ура +L мамы) (4.99) 


Ў = oleon pups - Cain Aapa- soa АЛЫНА малаа) (ал00) 
where 


a GA) нара вы v "t 
Ls" Tenant вола, А 
5 авж 
sale (ал02) 


7 а/о) оов Мари өов Ай, 
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. 4.7.8. ойидузи вод яг онд нр SDPU SUPPORTED AND PARR 
їй тш опа: 


Yor a балїїїзүзг bess stanly supported at the end 2-0 
and freo at 251, the boundary conditions are: 


Aap =0 ata =o, 


P но, (ees 1 - (ШАР at aes. 


Tue frequency equation for the first 
СОР 


t, in this oase 


8 tanta, 


© tan AR 0 (ЕС 


The frequency equation for the second set ia given byr 


Уалар o tan 8, = 0 (4.1 
+ 
м 


The modal functions for the first are: 


(4,208 


‘Tha modal functions for the second set can be obtained 


LL DRE UH 


зов Хар ын 
p. мал г 
“ахул, PARRE + од Ba [x 
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4.7.6. BEAL WERE раз пра: 


In the сазе of в bean which is fres et both ends, the 
boundary conditions aret 


V =o, Gri ало фео ша 


P =o, Gf ий (мл хо өзі. 


The frequency equation for tho first set, in this case 
сал be obtained аз: 


2 оз аз вов В, 


хрема 


в 
(а- RTE Coe гу 


sinh арыл А), 


(4.109) 
The frequency equation for the second өөс is givon byt 


8-8 con Мар соя M, 


МЕА гм ч) 
(Foal SE етн шайы ыш ыы 


(4.110) 
The modal funstions for the first set can be obtained nat 


ШУ ДА ois аф ова Хана quein Agr) Сълза) 


W = ea BE nish лан cond танар аа, ва) (вала) 
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whore 


a ey (ваза) 


Ха анла ошл 


The modal functions for the second set are given byt 


шон 


Vp (оов apto (ДИР Jain ag 0 сов Ауд 


палы) (ац 


where 5 
зөвХар - cow 


Е ам) 
AO” Tamay o alay = 


In this section, the expre 


ons Бх айо а, 
noruslising cooditions for te principal norma motes Й өмір 
мэ obtained for vota the generel sage ant for Deane with varie 
ue wine өм conditions, 


lat Bq. (4.35) be written in the fom 


ЭМ = аузу - (IER 
for two modes m ani n ва, 


AB,» уюу делі, (Ж 


АЛАН, = «мәү. (бя), [T 


Улиран fron quis part of ва барыг ware реве 
author’ and K.Y -Apparss et the И ұлы қа 
аларын” glaze, шша, faring sot brah fo 
at аре, Em 
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желілі So (4.119) зу Й, ам тл. (4.220) by f, вм 
autre ting Bq, (4.37) from ва (4.118), ж have! 


оғары ааа RD 
22) 
Let Bq. (4.34) be written im the fom 
аа. 
for the two nodes кам a as, 
"js Oven) 8, быш) 
HELP элу, баа)? 


Manttpazing 3. (4.120) by Уг, and Sq. (4.121) зуй, and 
subtracting Bq.(4.120) from (4.121), we gott 


жы ау. 45 EN 
CORD ND Иа S, V, = e - 
MELIA (4122) 
where 


mi (РАЯ эшл, 


Бин це. (4.119) and (4,122), integrating over the 
төлө bean, and carrying out integration by parts for most of 
‘the tome, we obtain: 


- (AIG, А-а-а 


- шээс, 23 


" 
, ж АР, 
ме, ] быш) 
Applying ond conditions of any combinations gives the 
orthogonality contttion: 
CET $.) а-о, ала алау) 
Porm =n, the left айв of the equations 18 малма equal 
do sero because д. =. 
Tue the nomalietng integral: 
е loea 


cannot be obtained directly by putting m = n in Bq. (4.125) 
To evaluate thle integral, we let 
Хаха (ше) 
ат А Ба (4.207) 


im whioh БА io а small variation of A, ant X=, ва Bap 
тошлөв aro. This, we have 
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AS tX (4.389) 
Ат Ot BNF ate във (4.129) 


im ио the higher order small tamm im the expression of Pa 
omite. Teal 


(4.130) 


(аз) 


(4.132) 
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бам) 


Substituting the above relations in Ва, (4.124) we obtain: 


Р 
аме? jane а 


8 мб) ага rearranging: 


Реза рожа - = $ [amg - етеҙ ri 
И rd 


223 2 638. E =] в ваз) | 
4 


This oxprossion сал be further simplified for beams of various 
end conditions as follows: 


(1) Simpy Supported bena: 


он -- 4 | 4 X EG 
Када utu За! ak Eye | т, 


(4.157) 


Ч 
m 
ТЭ m 725 


an 


(5) дава Pree at both enda: 


MERE Ё 
м ай аа ausos 0 
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гаа) ann 


w 


bat areira 22 cos 


peiores] 


(4.140) 


D 


14248 IE 89828009) 


n dei 4а al ] 
- | 
ЫЗЫ 7 - еге?) 


I |9 


el] 2: 
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18 {а also suggested thet the normalizing integrel сал 
be spprozizated by discrete values of Й and ^ along the been. 


Expansion of Norealinine oondition: 


Let Eqa. (4.33) and (4.34) be written ast 


RD Ё ала) 
2,1% + (еми) тр eu 


%%%- mpg бам) 
Multiplying the Bq.(4.143) by jf and the Bq. (4.244) by 
È, adding the resulting equations, integrating отаг the whole 
wes, and carrying out some integrals by integration by parte, 
we have: 


vel бай. р (tts a's 095-75) 


dh- ads с | a 


"ipis 277 
ы Hess - duis ES «abs [а ла 


|- (4.148) 18 the expression of the Normalizing condition whioh 
very useful in analysing the forced vibration problems. 


та this section, approximate solutions are obtained, 

for the protien of fres torsional vibrations of thin-walled 

Deana of open section including the effects of longitudinal 
inertia and shear deformation, utilising the well-known Galerkin'a 
technique. Solutions with Galerkin's method are illustrated for 
fixed-fized bean and for a beas fixed at one end and simply aup- 
ported at the other. 


emp вых: | 


To satisfy the above boundary conditions in thia case, 
‘the normal function jf сал be agguned in the form 


Я = I D, (1- сов вкз) (4.146) 


Substituting Equation (4.146)in the differential Equation 
(4.55), orthogonelising the resulting error with the assumed fun- 
ction, integrating the obtained function over the whole Length of 
‘the beam and equating it to sero, the frequency equation 1n)? can | 
ъв obtained as: 


зле atat- o ний ав а) Aaa? [ant (rte она. о 


баа 
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эң. (4-167) төө to хэмх positive ховын given by 
AE та [irte] 
жау 1 657 Т 
= ашалы шананы) 127 | 22 


Ж In arriving at 24.(4.148), only one ters of the infinite 
series of д. (4.146) is utilised. Hence, 2а.(4.148) gives upper. 
bounda and has an infinite mmber of roots whioh in general re- 
Present two coupled frequency spectra. 


Зу putting a 
ЗЭР ca atat (antats x) =0 


and the expression for the frequency parameter ^ becomes! 


= 0, 30. (4.147) etus, 


Ма 
ec = (алё2 2 (4.1 


Which i» вале as that fron Bq.(2.73) for A" 418 = o, 


Mhe nomal function satisfying the boundary conditions 
in this onse сал be аввшай in the form: 


ПЕТА z - “Бо 


- Substituting Ж. (4.151) in the Bq. (4.35) and following 
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‘the üalerkin's method, the frequeney equation in X? oan be 
obtained аз: | 


168 88-28 [ 1650 ыы aaa) | 
saê Га ан | но (ам) | 


Fron Bq (4.188) wo have: 


«| 
Amt пе ЕЕ sf GP atta | 
| 

+ са) 1 лено nnt давладаока) р 
аа а Мау i] | м] 22) 


By putting a^» a? = 0, 84. (4.108) reduces tor 


16 A nfs (a1 nne go Kè) = 0 бая) 


and the expression for the frequency parameter À becomes 


^ 


38 а йо УМ 22 


which i» вале во that fron зд. (8,76) for û ® u Y?a о, 
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4-10. RESIS AND CONCSION: 

Jor а given bean with K, a ent 4 known, the А йы 
con be found from the appropriate frequency equations and the 
Trrepestin py ага thes ахай M 4.04). Шоны, | 
‘these frequency equations are highly transcendental and, to 
de solved simply. This difficulty is overcome by the use of 
Maection method on digital Computer ШШ 1130 at the Computer 
Center, Andhra University, Welteir. The resulte are obtained 
for some typioal boundary conditions and yarious combinations 
Of к, в and а, The remite are presented for the special oase 
8214, witch 18 пайду the onse for many Intian Standard wie 
‘Flanged -bonne 


Jet о de the classical eigen values obtained in Chapter 
11 neglecting the effects of longitudinal inertia ant shear de= 
formation and р, the natural torsional frequencies correspond- 
ing to о. Comparing the mechanism of vibration of the olas 
981 beam based on ?isonhenks Tornion theory and the present 
bean based on the improved theory, we note that the clasoioal. 
bean is equivalent to precent bean with longitudinal inertia 
nt shear gonstraints. 


Therefore, 
ПЕША 


ЛХ M uera са 


The ratio of MV), or у/р„, denoted by q, wild be referred 
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sto the "'moditying quotient''. The variation of the matio 
И ло (also the modifying quotient q) with the longitudinal 
Anertin parameter 4 for the first three modes of vibration of 
а simply supported bens ia plotted in ¥ig.4,5, which shows the 
correctióng in the natural torsional frequencies owing to the 


individual influence of longitudinal inertia. In plotting this 
figure the warping parameter 19 taken as equal to 1.0 and the 
shear parameter s аз oqusl to sero. Tt сал be observed fron 
7144.8 that the reduction tn the torsional frequency due to 
Longitudinal inertia tnovenses with increasing values of d. For 
а maximum value of 4 = 0.1, the reduction in the torsional fre- 


quency can be observet from the graph ав about 10 percent for 
‘the first mode, 36 percent for the second воде and 88 percent 
for the thira node 


Therefore it can be concluded that the in- 
‘fluence of longitudinal inertia on the torsional frequsnoieg in- 
егеваев profoundly for higher modos of vibration. 


For а simply supported bons, its higher harmonio correspond 
do the fundamental of another simply supported bean of shorter 
атал. Тва nth freqiwuey of einply-ousported beam of apan Lis 
equal to tho fundamental of another gush boan with арал 1/8. 

So, for the sake of simplicity and ense of presentation, 74.44 
is plotted between the ratio ХУЛ and K/n for values of 

пе = 0.5, 1.0 and 2.0. Yor constent values of K and a the values 
ог A/ Хо ева be read fron this figure for different falues of л 
с. 
the values of A/ Хо can be obtained for various coubinations 


for different modes of vibration). If п io kept constant, 


of the warping parameter К and shear paremster s. In plotting 


Pa 


bn дыл 


зге тейді, шегін for the fiat th 
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шо о beooess significant for higher modes of vibration, 
Tt can be also observed that comparatively the Individual tno 
flusnoe of shear deformation on the torsional freguescy of | 
vibration 18 more profound than that of longitudinal inertia. | 


The combined effects of longitudinal inertia and shear | 
formation on the first four torsional frequencies of the 
first set of sinply-supporte, olampea-simply supported and 
lenped-clanped beans (s = 24) ага shown in Tables 4.1, 4.2 


ям 4.3 respectively. Жы lone of the frequeny карык 
DF өм wotitist теше q = A/D, tor t сн ton ane | 
Of torsional vibration are given in these tables for various | 


ed from Table 4.3 that in the өлең af | 
sinply-owpported benng for К = 0.01, в = 0,10 ant 4 оор, | 
Phe motifring quotiente for the first four moles are reepectively 

9-04, 0.828, 0.705 ала 0.608 ant therefore the rettotions in 
the tirat four МОМО. frequencies are respectively by 0.) 
17.4, 29.0 ana. . Yor К = 10.0, в = 0.10 ant 4 = 0.08, 
fhe modifying quotients for the те four modes are respectively 
9-906, 0.994, 0.861 ant 0.762 ant therefore the reductions in 
the first four torsional frequenoles are respectively by 14%, 
8.6, 14.9) ала 23.8. Pros the 
the ішегедее in the value of warping parameter E reducen the 
efferta of Lonettudtoal inertia ant shear deformation on the 
Mersionl frequencies of vibration ant that for scaler rei 


“елее we can observe that 


БЕРЛИ 


and modifying quotients q 


-— 


A 
3 


Values of frequency мыш 
Tide "ы 


8583 8583 


8848 5522 


242287 187: 


MAS 


MM ЗОО quotients q = 


Y Parameter у 2 


Tues of the rre cens 


LI 


Se шю", 


IF ша, 


8 


383 8583 


8 8 


iti fe 


Values of M gud ОУ» 


У 5555 4664 бо 


213- 


ЕТІН 


Values of second set of A? " 
TH нов, 


т Moto 


153 


83 НЬ Бэ 


ШП ЫН 


B22 288 BRE 
SEE ГО 
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[574 ГЭЭ ГЭСТЭ eu: ovens 
Тот т уи 0) 408:012201 
00879001100 0з: Ойт |) 600-040с091 
[A] т [1 эте pato 
бууйт Бетин 290-8901 080 СӘРТ 
СОЦ 227 Фо 5119 
[373 590009. a] Pd 
бїт трт аспар | 4 H 
Sooresgaats  боог696486: шотеш 608- ако. 
ҮЧ evon шг LE LH 


„М за өө шор зе жети 
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Of К the reduotions in the torsional frequenoles at higher 
modes owing to the 


second order effects bsoone quite alent 
fioant and shoulà be taken сага of. Sintlax observations сал 
Зе made fron Tables 4.2 and 4.3 for el&mpad-ntmply supported 
‘and clamped-slenpet bene. Tt can be slao noticed that these 
Foductiona in the torsional froquonoion due to longitudinal 
inerti and вен deformation are oonparntively high in the 
‘anne of оїлтрөй-е1еттөй enna than fn tha onna of olanped= 
simply supported or imply 


portet beans 


The results for the 


ond set of frequencies for the 
imply supported and elanpod-olampod 
boana are given in Tables 4.4, 4.5 and 4. 


simply supported, olanpoi 


Bust be reonlled hore that th 


‘exist solely duo to the inclusion of the 


cond order effert 
Pron Tables 4.4 to 4.6, we obgerve that even in the cane of 
авсан. 


+ he effect of increase in the values of the paras 


meters в and 4 18 to reduce significantly the frequencies at 
higher nodes of vibration. It in interesting to note that the 
Anereane in the value of the warping paramotor K is having a 
negligibla effent on tiono reduotiona In the froqienoien of 
the 


oond met for nll the threo boundary ond tions considerat. 
here. 


[oos 


The problem of torsional vibrations of short wide-flangod 
‘thin-walled bens inoluding the effects of longitudinal inertia 
‘and shear deformation is completely solved in Chapter IY utili- 
ing rigorous mathematical analysis. The highly transcendental 
frequency equations obtained for various end conditione could be 
‘olved only by lengthy trial-and-error procedure. Except for the 
базе of simply-supportei beam, the resulte for other complex boun- 
dary conditions could be obtained only by expending considerable 
effort, 


Этеп the approximate analytical methods gush as Rite and 
Galerkin techniques have a tendency to become very tedious for 
sone complex boundary contitions. The complexity of the analyti- 
onl techniques even for simple end conditions emphasises the need 
for physically satisfactory approximate solutions. To this end, 
‘the present Chapter aims at developing а finite element analysis 
of torsional vibrations of short wide-flanged thin-walled Deans 
including the effects of longitudinal inertia and shear deforma 
thon. 


° A paper by, the notior based on the resulta fron tnia Chapter 
pte for publication in АТАА Journal, See Raf. (51 
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The bento theory behind the finite element method for 
dynamic problezs is briefly presented in Chapter ПТ and 18 
shown to give results which are in excellent agreement with the 
ласі ones. This chapter, therefore, extends the finite element 
method to torsional vibrations of doubly-syenetrio thin-walled 
"essa of open section ineluding the effects of longitudinal 
inertia and shone deformation. 1212 


for а thin-walled beam are developed in this chapter, for the 
first time and, to the best of author's knowledge, there іш no 
otter finite element formulation for this probles available in 
‘the Literature. The method developed in this chapter is appli 
cable to шлога as well ав non-uniform beans with any complex 
boundary conditions. A consistant вава matrix te 


use of 
За conjunetion with the corresponding stiffness matrix for find: 
ing the frequencies ant note shapes for free torsional vibre- 
tions of unifors thin-walled beans with various boundary condi- 
Bons. Results obtained are compared with the exaot ones ob- 
tained in Chapter IY ani an excellent agreement ia Oédorved. 


эге nade to our present probl 


in tema of the total angle of teist И ani the warping angle 
Aireotly utilizing the 


train and kinetic energy expressions 
(ада.4.1# and 4.13) derived in Chapter IV. Ву заншилд only or 
degree of freedom for each of the angles И ant фр, the stiffm 

and masa matrices each of 4 x 4 sise are obtained which include) 


‘the second order effecta. ut the matrices obtained in thie 
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approach, though not shown here, does not satiety the exot 
boundary conditions and this could not yield good resulta, 


An alternative approach which will be discussed in de- 
‘tail in this chapter is to split the total angle of twist into 
Энэ parte! One part is the twist caloulated by neglecting tho 
shear strain in the strain energy expression, (Bq. (4.12) ); and 
‘the second part given the contribution due to shear strain, 


Tot чө define the total angle of twint И anr 


last) = Два) + Жн) (ва) 


Мите the subsoript denotes the part of the solution when the 
shear train bas beon neglected, and the sübseript a 
‘the contribution of the shear atrain to the total angle of 
twist, hia type of ohoioe hao the advantage that when f, 18 
чихэн to sero, the resulting expressions reduce bask to the 
equations for the lengthy beans presented ant solved in Chap- 
ter-IT. This approach is quito convenient as it mattsfactorily 
оваоправввв all boundary conditions of the present problen. 


note 


By eubetititing Bq. (5.1) into Bq. (4.9) we obtain: 


11721717) [7 


Substituting of Ва, (8.2) into Ва. (4.6) given: 


[7 
ML аы 1-4 (5.3) 
‘Prom Ва, (8,3) ме сал write: 
2 
ж. Үс (ва) 
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ы, 
wo 


By substituting the expr 


2 
(5.5) respectively into тда, (4.4) ana (4.7), tho expr 


for sonent M and shear force Q сал be obtained ов! 


LECT | 2 (в.в) 
E 
-4- кл} E (вт) 


Ву mubstituting а. (6.1) into Bq. (4.1), the atrain 
energy Uy due to onintvonant torsion oan Бо obtained 


M. 9,3 
Bs, Ma ay i 
Вода ары (6.0) 


By substituting Вв. (5.6) and (5,4) into Bq. (4.5), the 
strain or 


(ва) 


Substituting Зав, (8.1) nnd (8.7) into Вав. (2,88) and 
(4.8), the expressions for the Saint-Yanant torque T, and the 


torque due to warping f, can be respectively obtained. 
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Hence the total torque T, (See 24.4.10) сал be obtained 


from Зда. (5.10) and (5.11) as: 


{ эз a eras үз (вла) 


Substituting Bge.(5.7) ала (5.5) into Bq. (4.11), the strain 
anergy due to shear deformation of the two flanges, Uy, be~ 


„piee 12-22 (ыз) 


ть» total strein energy, U, at any instant + (See Bq- 
4412) io the sum of the energies U,, Up and Ug ant therefore 
given by 


“11 [е + A алы 27 ros а ( 


By substituting Bq. (5.1) ала (5.4) into Hq.(4.13), the 
total kinetic energy, T, at tine t becomen: 


о... А 
«> LL % 
3 [ad шау. бмр ] а (5.18) 
мор нугу. ЖИА! оооло" 
ла tema of the angles Й, ant Й, the nature) boundary 
conditions given ty дв.(4.19) to (4.22) can bo modified ва 


follows? 


(a) шеші supported end 
DILE EE (8.10) 
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(o) дей ond: 
ре ясы iuo (ват) 


(e) Eras ong: 


2 
E = 0; 00, ж + (60,4 Кара мү) E =o (5.18) 
2 Я 


Ж 
Тва conditions given Зу Тн (5.1@ 466 usetul for find- 


Ang sysnotrio modes of vibration in eimply supported, fizeü- 


nt formulation, for each finite elemint of 
а short thinwlled beam in toraion including the effects of 
Aongitudinal Inertia and shear deformation in addition to warp- 
inp, there are four generalised nodal ALeplacenenta at the 3 
ond of the ith member, These nodal displacements аге: 


Жы" мий of twlat neglecting shear atrain at the ni 
center about а-аа; 

Җу" xate of change of Й, at the еве center about -amiar 

Ж" nele of ініні due to аваг stonin кі the shear cone 
ter about saxta; 

Йу" rate of change of 9, at the shear center about saxi 
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where subscript j denotes the generalised displacesent at the 
d end of the ith finite element. Similar generalized nodal | 
displacesents exist at the K end of the slonont. The prime 
denotes differentiation with rospest to в. 


Amsusing the angles f, and И, within each finite ele 
ment to vary сав у the displacsssnt functions take the fora: 


Ве) = aye dys + ей aya? (8.20) 


) = agt bga + ones age? (5.21) 


To establish relationships between the &islacements 

At any interior coordinate z in teras of the generwlised nodal 
sooüinates, the eight arbitrary constants in the аввшй displa- 
conent functions must be deterained. 


After determining the coefficients in Пди. (5.20) and 
1), the angles f, ant И, at алу coordinate в within the 
ааа іл teras of the пойна. dtaplacezante yy, 98, Эн 
and 4 д/с ам, Jays МА ва, 
‘ively defined as folioa: 


^e | 
face ам Sf eon сал ba хөврөө- 


DM 22 хэд аваг орай ыб), 


(вава) 


= 3 
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я, өч өнеді айты Не Dal 


ро 
(5.28) 
D 


Bq. (5.22) and (5.25) oan be written in an dbrevinted 
fom as follows: 


Pala) = T (a) R(t) (быз) 
m 

RORE OENE] (6.25) 
where 

Yam ГА 6), йш, Як 1 (5.26) 

Yat Ug yr ar Иж 1 (ваат) 


and X (а) 1 given by ва (3.23). 


Stntiarly, for the firat and'pooond derivatives of the 
angles f, and Йол the matrix relations сал be written ван 


Жүз) GR SO Л, 00А, (0) (ваа) 

Ж, (а) = GR G0» Е И] (ваар) 

(а) = ОИС АПЕК] (5.30) 
=, z m 

a (8) = GRO ЕИ (ым) 


чыз, ЩИ) and 1,08) аге deine by Taa. (3.27) an (3.20). 
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The generalized veloattion ant accelerations onn ales be 


‘pressed in terms of the discretized nodal velocities and 
accelerations: 


Mat tet е 
Ble) = Te) 0] (5.52) 
Ж) = (e) Ryle) (в.зз) 
Жа) = Ма) йз) (в.м) 
Ж) = Us) Ёма) (5,30) 
E 


+i) Ж) (6.36) 


Where dots denote differentiation with respect to tine t. 


The expressions for the strain energy U, and Kinetic 
«егеу Twetven by Bos (5.14) and (5.15) respectively, for 
An element of finite length, 1, onn be written ws follows! 


1 2 


В 
а ъи? + [7 


Si +1 Y М | 
"+; EZ №.) + Po, | а (838) 


Direct substitution of Еде. (5.24) to (5.36) into. Eqs. (5.57) 
st (5,30) and the remating expressions ints ШЫПТЫ ЙДЕ. 


біне, 34.08.34) for W = о , уала» (for the Mth element): 
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: эм ores 
15155, oe SE rom 


F 
1 


.. (0.39) 
ва, (5.39) oan be alao written more concisely ав followet 
E 
aye uf + [e бі on Ry q] ato 
(6.40) 
Та Bq, (6.40) tho terma (PI Um, and (20/19 )ky denote 
Fespeotively th nov mao and олова natzionn у a Fy 


төйнентіу of the Е oponent, Me тазга Бо Бү ant 1, 
aze given below 


ы 
= жт | | (oan) 


1 186 
52226 
ы ойы 
№ = А (0.42) 
шош 
— 
CEN] (5.43) 
where 
m 
зан 4 = 
В той | ыб ын аме 
ГЭЭ 
| 
А» | 
U м 4 У | 
АЕ cu ме i 
мамы 4 
| ason? 
: мат 22) 
вий аш aoon? i | 
cem аз әш а | 
im 5 | 
- ви 4 m 
Ha" [amt ow iat | 
ша зш 4 
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зад 
p 
mt ваа” 
tum EIE 
мамы а 
= қ 
m. 
5 СО 
е eer ee 90) 
sa ana 
«69 Sya. 
г. зүг, зн 4 Е 
Lucr а oe ма om 
ша зы «+ 
Ten = бр 4) бу, 161 (5.49) 
Ra Saye yr Farr Wc (6.50) 


wnt the non-dinenaional parameters КЁ, A? ала o? are previously 
defined by Зө. (4.39), (4,40), and (4.41) respectively. 

The equations of motion for the discretiss4 system oan 
лон be obtained using 84.(6.40). Taking the variation of the 
integral expression of 34.(5.40) we obtain: 


j e 


жа 


Gu SR Ay] ato (ш) 
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which after integration by parts over the time interval gives: 
crap iat sy" 
ч 

[төз булв 


The first term in 24.(5-50) 18 seen to vanish in view of 
‘the assunptiona made previously thet the virtual displecenents 
A, axe sero at the tine илья t) and р. Since tho virtual 
ataplacesenta сал be arbitrzy for other tines tton Ва only 
‘way in which the integral expression in Bq.(5.2) сал vanish 
da for the toma within the тои to equal zero. Therefore, 
ны governing бумліг пыльная equations for the dinoretin 
хуваа кән 


бар юл?) дуго (5.83) 


Assusing that the displacesents undergo harmonie овоа 
tion, the dleplasesent vector § can be written da: | 


Qa 

gn De 
where Ду 16 a column vector of torsional amplituden of the 
general torsional displacements. Substituting Ва. (5.64) into 
[T 


LG A - CP в Gy et но (5.85) 


(12) 
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E 
Deviding throughout by HOLÎ and cancelling e Pm, 
24-(8.88) becomes 


E "rz 
Ски) Col = А 1510] (8.06) 

where A? io the mon-iimensional frequency paraneter defined 

Previously by (ва. (4.38). 14.(8.06) represents the equations 

92 motion for an undenped free oscillnting systen including 

the effects of longitudinal inertia and shear deformation. 


ао of Bassi brin for the tot&lly mpessblai bona: 


Following the procedure outlined in section 3.6 and utili- 
Ming the element stiffness end zans matrices presented in seos 
ion 5.5, the equations of equilibrium for the totally assembled 
enn can be obtained no: 


151131- № a] [a] (ьт) 
where K, й and Q denote the totally aseenbled matrices согтев- 
ponding to the element matrices Ry, Бү ant Ñy defined previously. 
With the four generalized diaplacecenta poesitle at onch node 
нм with the tar segmented Into Y elements, the total muster af 

става Of freedom da 4 (840). The formulation of the matrix 
завины equation, Зд, (5,07), 106201 «1l positis degra 
OF freedom, both free tnt restrained. Me ALaplasonent vector 
Q of ама отете. joint equilibrium equntions is comprised or 
Both agrees of freedom, the хийлж of the problen and inom 
‘support dteplacssente ог boundary conti tions, 


- 0 3 


Xt should be recalled here that for the present 
finita element formuntion, totally four generalized digpla- 
manta are considered at each node. The following are there- 
fore the boundary conditions to be utilised in ondêr to modify 
‘the total stiffness and таза matrices for various combinations 
of ent supporta. 


(a) ит. supported ang: 
тор eo [I 

CO) Рай өмі 

8,500: тоз we o (6.69) 
(0) кал and: 

The total matrices need not be modified in this onse. 
б тог 1-0 (5.60) 

(659%, 


Зав, (5.60) are useful for finding symmetric notes of 
Vibration in simply supported, fixed-fixed and fres-fres beans, 
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солтон: 


A digital computer programe im written in Fortran IV 
‘hich own give results for any sot of boundary conditions. 

Зөвшла for simply supported and fixed-fixed beams for values 
of K = 1.56 


в = 0,046 end d = 0.093, are obtained on THE 1130 
Computer at Andhra University, Walter and are presented in 
Tables 5.1 and 5.2. 


Tor the simply supported сазе, the first and second 
of valuon of À obtained for the first four nodos of vibration 
for a division of the bean into И = 2 and 5 
їл Table Bi and are compared with tho exact results obtained 
sing the analysis presented in Chapter IV. For, the fixe 
fixed boum, tho first uet of valuen of > obtained for the iret 
four modes of vibration of И = 2 and S аге ohown in Tablo 6.2 


nente аге shown 


nd аге compared with the exact remülts. Tha exact resulta 
for tho simply supported сазе were obtained using Eq. (4.68) 
And for the fixod-fixed bena, the results wor 
зав (4.44) ana (4.72), 


obtained unin 


Tt onn be seen fron Tablon б.1 and 8.8 that for all ом 


emellont resulta have been obtained өтөл for very coarse sub- 
divisions of the bean. Sinoe the atiffness and naan matricon 
including shenr deformation and longitudinal inortin 


rately 
involve double the munber of degresa of freedom than thowe that 
exist if they are neglected, twice ав many natural froquancie 

Fomult, In Table 6.1 the lover and higher spectrum of frequen- 
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Cisa obtained can also be observed to be in excellent agres- 
ment with the exact ones. In Chapter IT, we have discussed 
‘this second set cf frequencies in detail. 


sing the abore siiffeaes ani anan matrices, beens with 
‘Various other boundary conditions, ean be analysed easily, А 
bean with arinble cross section can also be anslyred by dàvid- 
dng the bean into n mmber of empeente ant assuming that ench 
3» i әмме (ва we 
observed from Tables 5.1 end 5.2), the method gives an upper 
Pound to the emot frequencies of the ayeten. The approach 
Presented in thesChapter 18 quite general, satisfactorily en- 
compassos a11 boundary conditions ала can be extendéd to ata- 
Мо and dynamic stability of uniform ani tapered thin-walled 
энше. 


Gum ст 
пау 2203 09 51087 и: x 
мидын DIERTIA, вида DSPONAPION AND viscous DAPI" 


1. шари: 


In Chapters IV ant Y, the problem of free torsional 
‘vibrations of short thin-walled bwams of open mestion, inolud- 
ing the effeoto of longitudinsl inertia and sheer deformation 
da completely analyzed utilising the emot and approximate ana- 
Aytioal methods and the powerful finite-elenent technique. 


With терагйа to the forced torsional vibrations of thine 
walled beams of open section very fev studies are available in 
‘the literature. Төз 004), extended the Tinoshenko torsion 
‘theory for coupled flexirel-torstonal vibrations of thin-walled 
beans of open sections and presented a formal solution to Gore's 
‘theory (32) under general Loading comittions and general boun- 
Gary conditions. Aggarwal (5), considered the problem of 
Зотов torsional vibrations of thin-walled beans of open section 
Under very general 10446 inoluAing the effects of longitudinal 
inertia and shear deformation, ani огуз! the apecitic case of 
8 эїлрїу supported beam with a step torque impulsively applied 
At the mid-point, Пе compared the results obtained for the 
Above problem, with those obtained utilizing Timoshenko torsion 
‘theory, But in ail these studies the effect of damping dw not 


foe publication ih the 42881 1976 laoue of the Journal SE 
Aeronautical Solty of МАЙ. sae у. a 


"d paper by the author, abstracted fron thin Chapter, 18 accep 
the 
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considered. 


The present Chapter therefore deals with the study of ч 
forved torsional vibretlons of doubiy-uyanoteio пил, 
Benne of open section such ав ал I-beam, inclufing the effecte 
of longitudinal inertia, shear deformation and viscous damping. 
Viscous damping forvee rising separately fron torsional ала 
warping veloottton аға notin’ In the equations of motion and 
the coupled funtaoniAl equations of motion are болалар 
‘tere of angie of twist ала warping angle. The method of 
tion ta denonateatod for arbitrary external torque for the 
ва having oth emis sisply-suppostei ала merical resulta 
fre presented for the cese when the torque 18 uniform over the 
span ani varies simaoidaily in tine, deplitule response £a 
lotto versus torsional feegasaey for varying amunta of tor- 
sional and warping auping, and 18 compared to the response for 
the classical bean (based on Timoshenko torsion theory) for the 
first five symetrio note шарга, 


6.5. Шап OF Вел OP кото Шырша Viscous pepi: 


Tn Ев, а typical differential element of Length ds 
fod width dyis taken from the flange of the thin-walled beam, 
fd the generalized forces acting are show. Assuming шаш 
displacements as in Chapter IV end suming the torques yields 
‘one equation of motion: 


An 


He (tt) А EI „ү (ва) 


Е 
28 
8 
ü 
i 
8 
« 
8 
и 
H 
2 
8 
Е 
$ 
5 
Ф 
$ 
Е 


‘whore Т, ia the Saint Yonant torque givon by Ба, (8,28), T, the 
warping terque given by Bq. (4.0), P, tha torsional damping eon- 
atant and, T, the externa) torque per unit length of hs beam. 


Summing nomente about an axis normal to Plg.6.1 yields 
‘the neooni equation of motion: 


ГЭ 


а 
7 2-4 (в.з) 


where M 1a the bending monent in the top flange given by Ва. (4.4), 
9 the ohonr Того given by Ва. (4.77, q the external viscous Фото 
por unit length acting along the pides of the flangen, of width 
№, to орровв warping. 


Further, let ча define a warping damping болохын By by: 
hy 2р 
^ 


> Bubatituting Bag. (8.24), (4.8), (4.4), (4.7) ам (6.3) 
за Nga. (6.1) and (6.3) нө obtain: 


DII T DLE DE ea 
ET 
LX T hy) = їз, 


a (6.3) 


Ne (6.8) 


В 18:48 пеоевгагу to obtain solutions to the ALfferential 
Bquations (6.4) ала (6.6) which algo watipry the bountary condl- 
ода of the partiewlar problem being considered. This may 66 
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achieved by assuming solutions in the fom} 


ЦЭЛ (в.в) 


да e = ENS) оа) (в) 


where Й (5) and fj, (s) а obtained from воду 
Ang the free, undanpod vibration problem, Тһе modo өїлрө fun- 


tione are given in 


‘the node shape 


зї{өп 4,7 of Chapter ТУ for tho aix оваа: 
Arising fron oonbinntiona of ainply supported, nlapod and froe 
enia. This procedure will be ugod below to investigate the o 
when both ends are валу supported. 


в.з. TET men п: 


Gonaider a bean of length L having its ends 20 and aeb 
Both simply supported. Fron Bq, (4.65) of Chapter IY, tho fre- 
quenoies of vibration Zor thie cage are given in an alternative 
fom as: 


ж" к (6.8) 
хав 25412555 
.. (6.9) 


хар 
s [exits лады, ОМ 
з 22 Пи un Dis ER] 22 


np, 
цал (621) 
" 
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Fron Eqe.(4.67) ana (4.65) of Chapter IV, the mode | 
shapes for this сазе все given by: 


8,8) = A, ain BES (6.12) 
52 Pale) = За oos ща (5.13) Б 


where 4, and B, are arbitrary asplitutes. 


Tet the external torque per unit length be expressed 


ни - EL) otn ща en 


Where Fourier coefficients are datarsined from 
© = dI ntes мн ааа (6.19) 


Tbe solution of the coupled differential Вв. (6.4) and 
(6.5) can progress in soveral ways. We will begin by firat une 
coupling then, Differentiating Bq. (6.4) with roapeet to m, 
aolving Bq. (6.4) for 89/4, and its higher derivatives, and 
mubatituting into д. (0.5) yields & fourth order uncoupled equa- 
tion for f given byt 


PKI, сб, erat] y 
eet эв 
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Pir Зи ры 2 Е 
а 


% neon Б ES (6.36) 


Sintlarty, alintnating И between Ве. (6.4) and (6.8) 
уунгаа the uncoupled equation for Yi given by! 


Ben) еке ть 


ГЭЭР 

+ +6, А : 

1» mje а-ы (eam 

а expected, the Left-hand sides of Ван. (6.16) ала (6.37) are 
шань, 


Substituting Зав. (6.6), (6.7), (6.12), (6.13) ава (6.14) 
into qa. (6.16) ant (6.17) resulta int 


ЯЛЖ Яг, ب‎ 
ûe Catt "ае YT] е е) 
ats в айхаа. 
[Ege E е 


posted 37) 
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жзеге dots denote differentiations with respect to tima. 
Зө. (6.18) ant (6.19) contain ал exoiting torsional function 
Talt) мәз зал ъ of алу fom. 


А. RESPONSE 2O А онгРовжит DISTRIBUTED TORSIONAL FOROTNG 
отток DAL та три: 


Jor purposes of detatled merical resto, let 1, ( 


be 


fos) = 2, inst (6.20) 


Where T, is a constant and còths torsional exsitation frequency: 
Then, fron 14. (8.18) it follows thats 


alt) 6 a маза, азау... (6.21) 
ES 

аашинд « solution tn the fore 

F(t) = sinat +, онов (6.22) 


Substituting Бао. (6.21) end (6.22) into Ба (68), and 
equating ooaffictants of sinit and cost yields 


+ GA ar, Org] + кв 
(6.29) 
Гулит ар 
в, азот та 
[x дано 27271 ax 


DIVI GR] 


“Ырк | - 


и қ, тери. аа 


A 
+ а: (в.в) & 
* 
bereits) 


232 5 
> Fag ме 21 б) я 
Similarly, assuming в solution 


2,00 =o, sine +2, coast (ват) 2 


and substituting Bq.(6.21) and (6.27) into Ва. (6.19) унааг 


m FD * 
12525) ЭГ Баа (es) | 


where Худ and Кы, are defined by Зан. (6.25) ant (6,20), ж 
Of course, Зв. (6,22) ава (6.27) вау be replaced in a ї 
more convenient phase angle form as: > 
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тъ) «ҮЕЭ ммен + are ма ду) 


ъч) = VEE FE әне + aro tan 2,/0,) (6.30) 
Further we note that В/О = ИА, 


of Longituai=| 
nal inertia and shear deformation are neglected and by putting 


1/ O and Pigs 0 in в. (6.16) we obtain: 


ЕЕ Eon hes, вз) 


Considering first, free vibrations with по damping, the differen- 
tial equation becomes 


LEE е, D (6.82) 
which was treated im datati by Gere (33), 


Tue solution to this equation in terms of ciroular ant 
hyperbolic functions is well known (51). It can be seen that a 
function which eatiatieg the boundary conditions of a bean ain- 
Ply supported at both ends s given by: 


[DOE 
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Substituting 5. (6.33) into Bq. (6.32) and recognizing 
that the resulting equation must be satisfied for all values of 
within O С я CL gives 


oy iw + 82 m ЦЭР (6.34) 


Fron Ва. (6.34), the well know (52) frequency equation is found 


Jor the atoady-state solution of the forced, damped vib- 
Fation problen as before, assume 


dec. 


(6.36), 


22 
where, fron (ваз) 
pO (6.58) 


Substituting Без. (6.56), (6.37) ава (6.38) into ва. (6.51) уїөїдө 


.] қаққа CD = Pans (6.39) 
having a ateady-state solution 


FU) = „аша +m, оған (6.40) 


Substituting Ва. (6.40) into ва. (6.29), we obtain 
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валя ова nt) (евала то + оо]. вет У m 

ДЕРЕ АР [GPP дот вод my ape ©“ 

= (ат, рул) es 

СЪР ай л eo, + Гаел EX т" Ost 
or 

ч 

қа 


where = ез 
Зав. рга е (6.44) 
6.6. эшн OF MERION вышла: 


The solutions obtained were programed on 128-1130 Com 
puter at Andhra University, Waltair, to allow a muserical study 
Of the effects of the parameters involved. Some of the interes 


"old mt j Ms sn s e) (6.48) 


ting remults obtained are shown in Piga.6.2 to 6.8. 


only the response of the first mode ahar 
figures are ва follows! 


met: ^» 0.008в4532 (158/109); B = 30 x 106 (10a/1n?); 
G= 18 x 10  Gbo/15); aga по тава (иа Ipe аво. вва) 
туната 


= 87-328 (1); бут 3,02,251 449), 
T = 760) and 2, 1.0, 


which correspond to а wi&e-flengei steel I-benz, 36 WP 230, with 
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width of the flanges b = 16.475(sn), height between the center 
ines of the Flanges b = 35.00(in), thickness of the web $ «0.700, 
(ал) and thickens of the Палене tgm 1.26(in), 


316:6ү8 18 the plot of torsional anplitude against foros 
cing function frequency with varying values of torsional damping 
for the classical bean based on Timoshenko torsion theory, 


are the plots of amplitude versus 
frequenoy including the effects of Longitudinal inertia and sheer 
deformation. For gach set of the curvae, the value of thy the 
damping associated with warping angle, 1e held constant vhile the 
values of torsional damping P, are varied. 


Tí can be observed that the general shapes of the plota 
do not differ at all from that of 4.6.2, 1.a., shear deforma- 
‘on and longitudinal inertia effects do not radically alter the 
form of the exlituie-frequency curves, As expected, inorensing , 


‘She damping associated with warping angle hes the effect of low- 
ering the amplitudes. 


7348.6.6, 6.7 and 6.8 аге also anplitude frequency plota 
өлгіміз Longttudinel Inertia and shear deformation effecta, 
but for each aet of curves P, 18 held constant while 
fron sero to 107. Again, the general form of the curves 18 not 
unlike that for the classical bean. However, 
6.7 amd 6.8 with Pigs, 


Bee eco 


(егі See) 
ic Seam Timoshenno torsion theory 
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12 16 
48 (RAD/SEC) 
““Ніз.е4 Present analysis 


4 * 
49 CRad /Sec..) 
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Of damping sesocistei with warping angle #,. Therefore, inolu- 
ding the effects of longitudinal inertia ant sheer deformation, 
‘the torsional velocity demping is more significent than the warp- 


Ang-velooity damping. 1 


Further, to consider the effects on higher modes, light 


torsional damping, (9,800, 8,0) will be applied to а bonm of 


large depth to length ratio. Keeping the sane physionl para 
Metera аа above, except letting L = 100 (im) to emphasize the 

shear deformation effects, the ‘maximum total torsional dapli- 
tude! response may be oceyutei, Thin 18 the maximum torsional 


Table 6.1, for the first nine aymetric mode shapes of the sin- 
Ply supported bens. From Table 6.1, it is observed that ав the 
mode maber n increases the difference between the naturel fre- 
quencies of the clessicel benz ant, those obtained from the рге 
‘ent analysis Including the effects of lomgttudinal inertia and 
‘shear deformation, also increases. Ав shown in Chapters IY and 
7) the natural frequencies obtained by including the effects of 
longitudinal inertia and sheer deformation are lower than thos 
for the claseio bean, However, tho amplitudes obtained inolud- 
Ang longitudinal inertia ant shear deformation are larger than 
‘those for the classis bean, 


овтнотно T] 


та. manor: 


Та the previous Chapters, fres and Гогов. toroional vib 
zations of short thin-walled beans of opon section including the 
effects of longitudinal Inertia and shear deformation aro anniy- 
el both by exact and approximate methode. The present Chapter 
«өкін with the inportant problem of torsional wave propagation 
in orthotropio thin-walled beans of open section including tho 
боола ondor ofteota. 


‘Tough there exists m good amount of work on the analy- 
ais of flexural wave propagation, comparable torsional wave 

on thin боріо 
havo boon published, The reagon ia the fact that Coulomb theory 
Givon the ваде firet-node results an the exact theory. The avai- 
lablo information ia mlxopt Limited to the circular oylinirionl 
dara, Thus, there exists а Inok of aatinfaotory approxiante and 
ход theories for torpional wave propagation in non-otroular bar 
especially those наад 44 atmiotümil applications auch na thin- 
walled beans of open nection. 


analysis was virtually neglected and very few papo 


$ Ropes найраг зө on he Tomta of ма Chapter 1e 
върба for publ pn in tip dure of the атома 
айну of Iulia: See fert 93, 
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Эл inadequacy of 3t. Tenant! 


classical torsion theory 
for short wave lengths was hinted at by love ( 74), who тщде 
‘ted a correction for the longitudinal inertia associated with 
toretonal deflection. Viasov (107) nleo introduced tho effect 

of longitudinal inertia in his toreional analysts of thin-walled 


Deans. However, both the elementary theory and Love's or 
Vinsov'a approximation havs the вале defects as do their counter- 
Parts in longitudinal wave-propagution theory. The бупаліо equa- 
‘tion used by беге (52) in his torsion analysis was essentially 
‘that previously derived by Timoshenko (38) and included the ef= 
foot of warping of the cross section. Thess equations are found 
to ead to physioslly absurd remults for short wavelengths. 
Aggarwal and Oranch ( 4 ) presented а strength of materiale 
‘theory ineluding the effects of warping of the cross section, 
Longitudinal inertia ant shear deformation, This theory wma 
found to lead to theoretically sstlafactory results for the first 


mole of trunamiasion over а wavelength speotrus which inoluded 
moderately short wavelengths, and that it agreed with previous 
Approximations for large wavelengths. The group velocity for 


‘the second mode was found to increas monotonically from вого 


for the longest waves to t 


taz velooity for very short wave- 
lengihs. Tala was in agressent in fora with the higher вой 
Of the exact theory for cirsular cylinárionl bare (892), 


Ай the above work, ant a Rost of other investigations 
involving torsional wave propagation phenomena in thin-wall, 
boana, concerns isotropic saterlals. Anisotropic materials have 
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Rot been approached to the best of author's knowledge, As is 
Well known, anisotropy of the material introduced considerable 
complications in the computational part of the solution, 


Tue present Chapter therefore, aims at investigating 

the problem of torsiosal ware propagagion in orthotropte thin- 
walled beans of open section including the effeote of longitu- 
«ілді inertia ant sheer deformatio: 
ida 


from the strength of mas 
proach. This approach is attrastive for its physical 
directness. More specifically, the interest ia to find what 


values of the wave troqusney result from the elesentary theory 
‘sotablished for the anisotropic analog of the Авзйгорв thin- 
walled beana of open section including the effects of longitu- 
бізді inertia and shear deformation, То this end, the equation 
Of motion for free torsional vibrations of thin-walled beams of 
open 
effects is established, analogous to that for isotropic material. 
Tt {з show herein that, for sone anisotropic materials, the 
corrections due to longitudinal inertia and shear deformation 
May be of one order of magnitude greater than the correction 

1n the isotropio case. Graphs are also given for the phase 
‘Yelooity versus inverse wavelength for various aspect ratios of 
jeans of different materials. 


7.2. MALIS AD ийа: 


jetion of orthotropic material including the second order 


Yor definiteness and simplioity, let us take the mate- 
Tial of the thin-walled open section beam to be orthotzopio, 


201 


With ons axis of elastic aymotry, a-axis, directed along the axta 
of the bean. 


As da well known the funtanentel equation of elementary 
‘theory of flange-benting retains its validity for anisotropic 
materials of the most general type, provided the Laotroplo 
‘Young's modulus 18 replaced by the modulus 5, for extention- 
compression along the axis of the bar. 


Та symbols, 


g 
ye (та) 
fnalagoun to the Bq. (4-4) for the optropio benas, 

Noy, in the derivation, in strength of mteriats,of the 


formüa for the maximis shear stress in flange-bonding, 


(max) = - №2, ба) 


JO spesifio elastic properties of the material besiden certain, 
mymastric conditions, are postulated. This equation, therefore, 
is certainly valid (in the ease sense of strength of matertalo) 
for the elastic syusetrioss involved in the orthotropio thin- 


walled open section bea characterized earlier. Jor much a 
Bean, with бүс as the pertinent shear modulus, 

Tat 9.6 (ra) 
зо that 
(74) 
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where бш, в the shear strain at the center of the flange, x0, 
given y 


wd» (7.8) 


Та Bq. (1.8) ам others being previously defined, 8, stands for 
‘the atatical monent with respect to neutral axis. In Bq. (7.4) 
X! ia the aheer coefficient which depends upon the аһара of the 


(7.6) 


There 18 ho difference between Zqe.(7.1) and (7.4) вм. 
‘the corresponding equations in the inotropic case i.e., Bye. (4.4) 
‘and (4.7) of Chapter IV, except for the modulit E. ам бүс atan- 
ding for В end 0. One сад therefore avoid all the transforma 
tion and proceed directly to derive the frequency equation. 


Following the procedure in Chapter IV, the equations of 
motion can be now written for torsional vibrations of orthotropic 
thin-walled beans of open section көз 


[DOE * аф a- m - п, 4 222 


= 
ipud M D + ate SY nn PE 


Hlininatingj between Zqs.(7.7) and (7.8) a single equa- 
Anil my he амалы va 


(тз) 


Jor a wave-tors solution in long beans, consider а simu- 
aotan) wave, 
БУУХ 


$c. (7.10) 


Propagating along the been. In Ва.(7.10), & 1e the мате mune 
der = EVA, A baing the wavelength, C, the phase velocity for 
torsional waves, and t is the time. 


Substituting Я fron Ва.(7.10) into ва. (7.0), the fro- 
queney equation for torsional wares io obtained as 


(—— 
Е е 49 ej аб бай 


where б, = (0, ЛР АИ 15 the shear wave velocity. ва (7:41) 
determin: 


‘the phase velocities of the torsional wave propaga- 
‘Hon in an orthotropic thin-walled open section b 


Two cases of interest can be deduced fron 24.(7.11) ав 
follows: 


204 


(1) Neglecting shonr daformation, by letting К'- =, the 
frequency 2q. (7.12) reduces зог 


Eph. баба fe) no) 
ай. ж ore ee ле) 


34-(7.18) therefore 1s the frequency equation which includes the 
warping and longitudinal inertia effects of the cross section, 


(B) Neglecting longttudica? inertie and shear deformation, 
by letting 016500, K'= =, the frequenoy equation (7.11) гөш- 


A E | Ари жармау | (таз) 


Which ia the frequenoy equation including the effect of warping 
only and represents the Timoshenko tortion theory ( 52). 


Returning now to the general Та. (7.11) which includes 
both the second order effects, 15 may written in an alternative 
form ag: 


СОР 
бад 
" where 
DEM 22 
Ai [oe am кар ] (ав) 


= (ran) 


Вэ, баз) 


Эң. (7.14) gives rise to to two modes of wave irenanis- 
"ion. Тһе new mode cen be explained to arise fron the coupled 
interaction of the torsional deformation with the bending eff 
Of sheer deformation and longitudinal inertia, The phase velo- 
өїЧ-в for the two modes are given by By. (7.14) ast 


шу. Ч [s yip | 
В нь ч aj- Бг мё] быз) 


where tha minus sign is taken for the first mode. 


14-(7.19) defines the phase velocity as а function of 
‘the shape of the cross section. At very largo wave lengths the 
remite for the lower mode obtained from Bq.(7.19) жЫ agres 
with those from previous tortes. This 1s obvious because 
‘the deformation associated with long wave lengths 16 primarily 
‘hat of rotation of the oroms aestion with essentially па warp- 
img, no shear deformation and hence no &ispersion. The impro- 
vei theory due to Aggarwal ала Cranch (2+) displays finite 
wave velocity 0, ҮЕ, for very short wavelengths ва against the 
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infinito wave телен 


brediotet by Tisoshenko torsion theory 
And Low wave velooiiism predicted by Saint-Venant torsion theory. 


Prom Ба, (7.16) which defines Hy, it may be observed 
that for short mave lengths, the torsional stiffn 
унту mall and the ahs 


ны 1e 

т боты of the anges contributes 

t лун given anttefsotory тешїї» fo төте 

Length A> t, for tho fiet soto and this сорин in the 
"сона modo with the {зга of the өлмөй theory for оис linc 


more. the pr 


Arlen bare. Tho sawo of applionbility of the first mode, 
AD tyr gives а wave Length васта whioh inolufes moderately 
phort waves and high frequencies, and ав much oo 


а range of 
Practical interest. Ав an example, for the bean for which 

Mh = 0.75, БИН = 0.080 ала t/h = 0.040 the theory 10 valid 
for wave lengths МА € 25. 


Despite the fact that Ва. (1.19) Bas а fora хаана 
with that given by Aggarwal and Cranoh ( 4) for isotropic beams, 
there 1а a baste difference between the two equations. Те con 

Gista in that, for daotropio bodtes, the value of potesen 
Patio ranges (et least in principie) from 0 to 0.5, во that the 
Value of E/G in Пд, (7.19) fella between 2 and 5. Оп the other 
хам for antaptroplo matertalo the values of В/О may be one 
яа poosthly even two ordera of magnitude higher. fo mich во, 


Both the corrections due to shear deformation, and the соггөо- 
Mona for longitudinal inertin and shear deformation together, 
жау become peverel tin 
fare for isotropio beam 


grenter for antaotropio boang than they 
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Table 7.1. Yaluep of 8, for various эшаг!айд. 


Material yt ылы 
Taotropy 2.6 
Orthotropy II 13.9 
Orthotropy 1 па 
Transverse Iaotropy 38.0 


(average of the range 20 - 0) 


The values of «,(- 8, /9,1) for throe types of anisótro- 
ріс materiale considered in this Chapter are given їл Table 7.1. 
Tor an iaotropio material the тіле of а 18 taken as P 


"ов. лда мр DISCUSSION: 


Piga.?.1 to 7.8 show, the phase velocities for torsional 
waves in four wide-flanged I-beang which cover the practical 
range, having &imanaions guo) 


(2) зузо.ав, t /n«0.085, %,/һо,0%0 (Pige.7.1 and 7.2) 
(2) heo. во, ty/n00,040, + нно.026 (Pige.7.3 and 7.4) 
(8) зулгола, 4.0.080, t, /n«0.040. (Pips.7.6 and 7.6) 
(4) зууч, te/he0.10 , %,/һо.060 (Pige.7.7 and 7.8) 


Of isotropio ant thres types of enisotropio materials having vali 
Of Hy, 8.6 (isotropic), 13.9 (orthotropy IT), 17.1 (orthotrópy 1] 
‘and 85.0 (tranaverse isotropy). Tigs.T.l, 7.5, 7.5 and 7.7 gi 
‘the resulte corresponding to the first mode for various values 


Isotropic 


orthotrophy I 
orthotrophy-I 


ties for torsional waves in I-beamg? 
о-в; t¢/h=0-040;ty/h=o-025] 
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Ea (ris) First mode 


Херта 


dc e TE. 


212 ч, 


Ea (710) First: mode 


са д a 
5 for torsional Waves in I-beams 
ТЫ зо уз; t¢/h=0.030; ty/h=0.060] 
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аз for the four beans. 


Ла reina the бгаа, the value of K' was taken as 
WAP. Tue phase velocities corresponding to the second node 
for all values of ay сал be observed, from Pigs.7.2, Т. 
snd 7.8 for the four beams considered here, to decretae from 


D 


dafinite values for the longest waves to the beam velocity for 
‘the shortest waves. 


The resulte for phase velocities obtained fron Timo- 
‘shenko torsion theory (34.7.13), the theory including warping 
‘and longituiinal inertin (54.7.18), and the theory inoluding 
warping, longitudinal inertia and shear deformation (5.7.19) 
aze compared in Pig.7.1 for bean (1) defined above, for the four 
values of &, considered in thie work. In all cases the lues 
Of the phase velocities increase with increasing values of Gy. 


ron 7ig,7-1, 1¢ oan be oberved that, at lower valuga 
Of МА , the hase velocities Үсээ За. (7.13), increase вопой- 
erably with increnaing values of Kj, but differ only slightly 
for different values of a at higher values of MA . The max 
Zuse obtained from Bye. (7.12) ant (7.13) ALffer greatly at lower 
Taluse of i (7 2.6) tut distor slightly for higher vidus of By. 
Because of the above, it om be seen, that the peroantage of ща 
fluence of both longitudinal and shear Aefornation on the tor- 


nions] wave propagation may increase drastically for increasing 
values 0f 8 t.o., 8/0 


Yor example, for bean (1), for МА = 0.4 and ще 2.6 
(isotropic) the percentage influence of both longitudinal inert 


Ea (719) 2nd. modd 


r torsional Waves in I- beams 1 


үтте 52.209) ty/hee.ege]) 


Prase velocities for torsional waves in I-beant 


меер Вн эле го? 
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Баби), 2nd. mode 


m iÇorthoiropy 1). 
O e зонтик 
ср 
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эла shear deformation 18, & 2 18 percent ant, that of longi- 
tudinal inertia alone is, 4-4 percent. But these values 
change drastically for anisotropie sember ant, for instanoe, for 
М = 0.4 and Бу = 58.0 (їгелатзгөв leotropy), the percentage 
tnfluenoe of both longitudinal inertia and shear deformation for 
‘the first mode, їз as high as §,= 51 percent and that of longi- 
tudinal inertia alone is 65 4.7 percent. Hence, it oan be con- 


918484 that for gous anisotropic materiala, the corrections duo 
to Longitudinal inertia and shear deformation may be of one or 
der of magnitude greater than the corrections in the laotropio 
22 
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бел acpi дый жы аг аи нас 
S ent pes матема aria sul BORN ans OT 
pre Eu eee e EE 

qe ели Simia e as ини tiling | 
Masi inns, не eerie ОО 
whos келме the effect ot е атанан alat serene | 
Лома ani siantio foundation are derived for vurious sinple end | 
хөөх me эгини of ші nd sare ан 

їл combination with the meconà chier tnhtemoes, on the tore | 
елена ен ы Деш лш ы 

9£ & маку росы va, 


ва. os 


LOND AND ELASTIG РОЗА ТО 


Tho strain energy U, ahe the Yinkler-type elastic 
foundation 18 given by: | 


. 
ри? а (oa) 
Ч Utilising tqa. (4.12) ала (8.1), the total atrain energy 
И the effet of Finklar-type slaw. 
ts сим иа жалы тын ей 


U m + Uat Uyt Ûy 


41 | наа? ЦЭЛ 


tria шү» vn] “ [37 
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The potential energy, W, due to the time-invariant 
axial compressive 1084 P ig given by: 


vpj pitta (0.3) 
Me total Kinetic energy at tine t а 
9 „а 
vd 1 [еее E Je (0.4) 


which is вале аа Bq. (4,13). 


IE тр and ¥ tron Бар (8-4), (8.2) ana (9.3) аге aub- 
stituted into 24.(2.1), and variations taken, and after integ- 
rating the first two tema by parts with respect to t ый next 
five toma with respect to z, we obtain: 


р 


hi Го, TE rag pim 


| 8 


Moy EE eo угай 


ова o) ise 


8 
+ Pes Been, tein |, a 


: Қ Б pS rim | y 
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Assuming that the velues of f andy are given at the 
‘tro fixed instants, the second integral vanishes. If the bou- 
dary conditions are such that the third integral also vanishes, 
then we obtain the two coupled equations of motion ae? 


n Tim PE aq - LOL: о 
2 20 

m 
ёр Fight y) n, BP» о a 
8:5. ши ONDARY omre roig, 


Tn deriving the coupled equations (8.6) and (8.7) fron 
(0.0) it wes nested that the expression 


[er eng Co Je cn a ё 


Vanishes at the ends s«O and sel, This condition is satisfied 
4f at tho two enda, 


[е mt ung СЕК 


m 
с ау. 


(6.0) 


qe. (8.8) and (8.9) give the natural boundary conditions for the ` 
finite bar, Валері for the case of a free өмі, the boundary 
seditione for sinsly supported and fixed enia resin tha ana 
‘Se those given by Зла. (4.19) and (4.20). 
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For the case of a ''free end'', the natural boundary 
conditions for the present problem become: 


3 n ^ 
ao, жа бе, ПО M eram Go о (nan 


її саз be observed that the difference between Eqs. (8.10) 
anê (4.81) for the case of the fre 


snd is due to the pre 


Of the axial compressive load, P, acting at the shear center 
(or centrota) of the bens. 


8.4.1. SINGLE ETIN ш tore ОР тєш 


Eliminating 2 between the coupled Equations (8.6) and 


(8.17, а single equation of motion in angle of twist f may be 
obtained aa: 


| Big em, тұн, 


кый ae 


ч 
- ERR. ыш, egt тығы 


23 


US та 
IX Бе HM 


ЭР 
эн кино (2,31) 


За (8.11) 16 the Linear partial differential equation 
of fourth order governing the torsional vibrations and stability 
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of a thin-walled bean resting on oontimous elastic foundation, 


8.4.1. BADISIS OP varos тоз: 


(4) Letting 0, = PI, = O and К'= =, Ва, (6.11) reduces tor 
* СЕ: е, ny =o (eae) | 


Ву. (8.12) represents the governing &ifferentinl equation 
Of motion for the torsional vibrations and stability of a bean 
Testing on continuous elastic foundation, based on Saint Venant 
torsion theory and does not included the effects of warping, 
longitudinal inertia and shear defornation. 


(44) те Q, = O ana K~ =, then За-(6.11) becomen! 
(oo, по M ry =o ea | 
4 


Ви. (8.15) represents the equation of motion based on 
love's torsion theory and includes the effect of longitudinal 


inertia. 1 
(212) Ie (1, = O ала к'- =, Bq. (8.1) reducen tot 


ву во РС С 227) 


24: (8.14) in the govorning Aifferentini. equation of mos 
tion baos on Timoshenko torsion theory whlch Includes the e 
foot of warping and neglects longitudinal Anortia and shont do~ 
formation, It must be recalled that this equation 18 mano да 
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2q.(2.6) which 18 completely solved im Chapter IT for various 
end conditions of the beam. 


(ay) шк 


2q-(8,11) becomen: 


d 
КЕ ма 
(6.10) 
34.(8.15) represents the governing differential equation 
o mottom шамам the аиа of warping un 1өшіншілі i- 
‘tin ын neglecting th eect of suas забота, 


0, 24.(8.11) reduces +0: 


Eile a) ТВ а 


parv 


(Өле Pre 


А ES FB) Е 9 E (вле) 


Bq. (8.16) їз the equation of motion including the effects 
of warping and shear 
gituMmal inertia, 


formation bit neglecting the affect of 1. 


в.в. шонуул24210и дуо o 


Gliminating 8 in Бао. (8.6) and (8.7) we obtain the oom , 
plete differential equation in warping angle W mai 


SE E E | Wei 

ce TE - Р, Sy нр 

пе 

тт Эрэхрэө (ean) 


dBübetituting Же. (4.30) to (4.82) ant omitting the factor 


45, Me. (8.6), (8.7), (0.11) ам (0.17) are reduced to: 


[eem] 87. АХАН амой - 0 (ea) 


Lr 20 (9.19) 


Uefa ets J+ GE маға лолазор Ки 


- OF аз tee) > а (8.20) 


(ёо. pte И y 


- OR 49) AND -о 


where prinos denote differentiation with reepect to Z, 


The general 


опа of Зде.(в.20) and (8.21) oan be founa 
p 
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8 «сон арте Beinn ар + Boos Fal Ват да (6.28) 
‘Bm апа аур + Братан + Bein бл + Boos Hz (0.23) 
where 


$ 2 анама уйу» OR ay? 
Ray БОСОО E 


e, 
нова 8,60). ot sp “Ж. a») Y 1 
в.) 


- 3 
22 NN). POR BI ЦЭР, ay j^ 
کے د‎ а һау est (AR угу | 
16 ашты, 


In onse 
5 Л 
БАТА ШЕЕ en 


«Гната Жау» t og ауа) ] 


we write 


fr" Със луни 222 жин А? цу 8) 
Li СОР 
- 2222 POR aat] + 


... 22 
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Then Зав (8.22) and (8.23) are replaced by 1 
RIP да Bein за өм, 
5 ма «уй Қамар + Blain бу + ров Ад (вт) 


Solutions of тда. (8.28) and (8.23) or (8.26) ana (0.27) 
ave naturally the solutions of the original coupled equations 
(8.6) вм (6.7). 


Only one half of the constants in Заа. (8.22) and (0.25) 
‘ate independent. They are related by Bys.(8.6) and (8.7) as fol- 
lows: 


КЕН) Е (6.20) 
зь- EE [in| + 82) |; (8.29) 
%-- x Eton ds (8.30) 


Ee f моры би) 


%- СЭР 57 E | FOR өз 22 
E [ree Ayes | eot zonja (e.39) 


{ 
5m {8 [eee a +1 ёо. чу, 27) 
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EX Li 22 | FOR ay?) 3, 


5-6. IERQUBIZY OR вокала LOAD EQUATIONS AND MODAL JUNO TONG: 


Лы section 8.3, natural boundary conditions for the pre- 
ment problea are Giaoussed. Dy combining these вони ова in paima 
many types of single-spen beans can be analyzed, In terme of none 
Aimensional parameters, the boundary conditions for a ''fros апа! 
oan be written as: 


9-0, [Pataki] моб - о (0.38) 


‘The application of appropriate boundary conditions (4.06), 
(4.07) ала (8.38) and, relations of integration constants (8.28) 
to (8,38) to зае. (8.28) ant (8.23) yields for each type of bean a 
V of four constants В, to В with or without primes. In onder 
‘that solutions other than zero may өкімі the determinant of Me 
Goeffioients of 


sesh ieee E Herm 
тему өрнө іл жел эни ant the тө of thang ишу o 
зөө 1604 одана Aq, 3 51, aa 
ام‎ там ее protien. ты sorespendingwoted e, 
ETE E Se, 
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BaP но ман: 


Yor the boundary conditions at 2 = 0, Bgo. (8,88) and 
(883) gives 


At Reo 22 
fs [568-25 +a] ия өзі y 


- {a [ott дк a] stort ay О (шм 
ular determinant, tes, 
[efa кл Тағы 2-0 


therefore 48 follows that de y= 0. (8.39) 


inse th 


For the second pair of conditions at 2 = 1, Eqs, (8.22) 
‘and (8.23) givet 


За вв ayt By ain но (8.40) 
ES 
{4 [rotate е atone en] By simh ay 


= g [Pata] at t И 


For a non-trivial solution, the secular determinant ида 
Yanish. This gives the oharmoterestio equation: 


ЛЭ 


(Маза s] (of + HE) «ив ар вы = 0 (8.42) 
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sue. (strat ва Gf +) ко 
m 
yro 


Fron За, (8,48) we have 


Py = am, neie, 22 
whieh Leeds to the matn solution of the protien. 

Zetting И = аб tn аа (вл), the froquenoy equation in ДВ ig 
obtained ва: 


м жаза | Их а ыёай. дву], a taty 4 


22 [Feta ар st ys 491+ за) -o 
2 


= осше, 
[Fenton] 


" 
ка ЧЕ tt] tattoo] ло. wath 


(в. 


This frequency equation (8.45) in XP, han an infinite 


of reote whioh in general represent two coupled frequency s 
otra. 


Using в. (8.43), (8.40) and (8.41), one getar 


r-o 
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‘The modal functions are obtained from Вв.(4.г2) and 
(4-18) with a'a given by Ван. (9.30) ant (6.48). Those are given 
E 


[NE (6.47) 


Yan ии freee. авна tone avt | E 
(в.в) 
where УЗ, Doing given by (8.45). 


The second spectrum apponra at higher frequanotes, grea- 
der than the oritionl froqueney А given by 


AR хийг 
And de due to interaction between shear deformation ant longi- 
‘tudinal inertia. Tt should be mentioned here that for the range 


Of ткішев of the dimensionless parameters covered in thia chapter, 
À аө eos than А 


Yor the case, A > gy 18 is convenient to ше ay = iag 
And, the oharacterestis frequency equation (8.42) transforma to: 


› 


Маз; sin y= 0 


Нөсөө, in onse tare іш any extension fron there on dor 
2 залаа X, ts МВА, care ahonda be taken to nosound for 
the аңшыны if “Ни enced spectre کات‎ oan Ve базы eon 
‘Bq. (8.49), 


Зу putting ан d= 0, in Bq.(0.44), the equation for the 
‘the frequency parameter Л, neglecting the effects of shear defor- 
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mation and longitudinal inertia, сал be obtained as! 
>. PER La) хаус (8.80) 


нов 18 the өөдө ва Ва. (8.47) derived in Chapter-II utilizing 
Timoshenko torsion theory. 


5.5.2. шашына вади: 
Yor a bean clasped at both ends, the boundary conditions 


е бео а тео 


CERERE зна. 


Applying the above boundary conditions to the general 
solutions, Eqe.(8.22) and (6.23), the frequency equation, for the 
first set САК À) onn be obtained ant 


}, 
А 


whore 
(e.a) 


(8.58) 


Тө frequaney equation for the өвөөм ast ОХУ Аан 
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а өз в) oon yt въ мы ¢ 
where 
DEVE 
m 
Я pta otea ] = (АР. 43?) 
Сао Аба | - ha) 
The modal funotions for the firat et are given by: 


8 = э(оовһ aga + ү} 0j atnh вул - оов Rien f atn Ва) 


бу noo agi нэн хи өз буума Қа) 


mere 
albo ма А 
OTD 
Ai 


075 арыш ву win 8, 


The modal functions for the second aet are! 


on 897 піл а) 


ЛОТО 


Ф a mlos а aC ма - oon ай УАТ ма Ва) 
д 
are 
14" 


sin артай Py‏ واو 


(8.54) 


(8.58) 


(8.56) 


(ват) 


(0,08) 


(8.69) 


(8.60) 


(0.81) 


(в.в) 


(8.63) 


ыытыы ы ллы 3444 
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HERI 
2 брама рн Ци 22 
Жал қан ду нь Fy 
Sime the coefficients in J and % of Bqs.(8.22) ant 
(8.25) аге related, the oveftiotente D and H, that appear in the 
nodal finotions given above, are connected through any one of the 
) to (0.81) or (8.30) to (8.36). 


. BEAM PIED AT ONE EXD AND SIMPLY SUPPORTED AT ТЫ оти: 
+ тїї the ond Z = 0, taken as сална end, and with the 
end 3 =1 as the simply supported eni, the boundary conditions 
) [E 
E 


eyo at aad 

‘The frequsncy equation obtained fron applying the above 
boundary condition to the general solutions, Вав. (8.22) and (0. 
for the iret ant ( < À,) ta given byt 


а жәе tan уе 9 с. 


т {төртер equation for the sni et (A > А) dai 
чөө tan و‎ + tan fy = 0 4 22 
fue көші fuseklona for the Fret aot are given іу! 


Я = D(oeh agi-eoth ау sinh sy - cos Root fy win Ба) (в. 
$ оова зуг 24- simh зүгээ Sins atm Ба) (в.в 
pot 
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1 where M 
2 (үн! myt min Hy) (0.69) | 
98/6) оова ау” сов Бу 


Tue modal functions for th 


F m nene вон «ain e 


Agi + ооз бу ain ув) (6.70) 


| P = Mlos oga = LS ша = ooa да+ ыша) О (ал) 
2 


where 


sinay- pin 
tg) сою uyt өөө By 


шша ии нали он хир, PIKED дир Уйа до ана. отци 


Yor а cantilever bens built in rigidly at the end 2-0 
that warping io completely prevented, and with a free end at 
% на, the boundary conditions are: 


штээ 


ys o, Cea 19 - амыр нова, 


Mie frequency equation for the fire 
бап be obtained аз! 


t, їл thia cago, 


[x5] 


" 
ТЕ o 
Л 


236 


Тва frequency equation for the second set is given byt 


ЕЕ о (en) 


The поба] functions for the first aet аге: 


СТЕ АЛЫ Бе 


2 v "LE 


[oec x тақ (вит) 


древен 2, + oon Ду 


(в agt ain 65) 


-- (8.78) 
T/A, Jooeh а,” вов 5, 


Tue modal functions for the second oot aret 


ма alt - oa бу, ain Қ) 


sin ау - coe AE Sy ain Да) 


ia 

Gy coa my тэн Py 
sin ау ~ вы 

[ap 
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8.6.5. QENTILEVER ми KINH ONE END STYLI SUPPORTED AND FREN A 
Er 


Yor a cantilever bees wimply supported at the end в = O 


е at £ = 1, the boundary conditions aret 


ig 


atao, 


F хо, Ca e117 - dpe oat sea 


The frequency equation for the first set, in this oase 
become: 


аа ag 


The frequency equation for the aecond set is given byt 


0, tan fy = 0 (в.вз) 


ty ten eh +o, tan о (od) ' 


Tae modal functions for the first set are! 


ны 77‏ س و 
4 
шоог ГІ‏ 


Тва вода functions for the second pet can be obtained ae 


Зе pin at + ain да (вт) 


con 052 + сов б (в.а) 
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BU ите rus uus. 


7h the case of a bons mhior 
boundary conditions are: 


В is freo at both ends, the 


%-о, [a1 1F ауу = омано, 
E 


v9 Гана 19- gue. oiii. 
The frequeney equation со 


v the first set, fn this case 
Be obtained ag: 


ag oon Pg анто (8.90)‏ و 


ы 
б оона аш эл даш Бан HBT atm да) (8.01) 


P= Room «уг А nimh agt + цэн ба ау 


зова ay- com 
Даби ву Gein Ay 
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Tue model functions for the seoond set are given by: 


T Bon aga ~ Анх esti /0 вон бел из ли) ам) 


II танад) ма қалалы) 


At 


оов ау - сов 


ттт ше 


7. AFROLDUTE 2OUIUNS PT GALERKIN'S raa + 
Жазар for the sisply supported bean, the frequency equa: 

fione for other boundary conditions derived in the section (0.0) 
ова be observed to be highly transcendental and are solved on a 
igital computer only by lengthy trial-and-error method. An at- 


mal function of angle of twist J сал be asmined in the гога 


- 5 3,(3- өзе ат) (0.97) 


Substituting Eq. (9.97) in the differential Bquation 
(8.20) and using the Galerkin's technique, expression for the 
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frequency parameter X7, іл this can be obtained as: 
ЗЛЕ e| sette stato) [+ ae В 
+ | жараға. ойу» ре eet sat) ads 
Jq.(8.98) gives two real positive rocte given by ” 


355 т (мемен седани) 


2 
+ а setlist [osa (к. 52) |+ аға ату Ї 
ааа Ев во. айу» |+ مھ‎ А?) 

e 
ecco] [^ 4 


For a bees not vibrating, ie., = O, the expression 
‘the buckling 1084 can be obtained from 14.(8.98) ав 


В 
Е ра od 
G (ar аха?) 
ле the atteot of shone deformation P! 
41.0, ва (8.100) reduces to: 


сэн (в. 


which is аваа as Пд. (2.74) obtained by utilizing Timoghenko Ч 
ston theory. 
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1t the effects of longitudinal inertia and shear do- 
‘Formation are neglected, 1e., ae 47-0, 3q.(8.98) yields: 


А-а [teh stehe в. дру И (выш) 
whtoh is вале as 24, (2.75). 
ШЫЙ РІЛ А1 они EXD AND SIMPLY SUPPORTED AT ТЩ OTAR: 


To satisfy the boundary conditions in thie omae, the nor 
mel function of angle of twist Й oan be taken та: 


ээ (22 


Substituting Ба, (8.108) in the aifferential Equation 
(8.20) anā using the Gelarkin's technique, the expression for 
the Srequénoy parameter ХА, in this cage oan be obtained ast 
моле nt Боно а Paanta ate oa Ай " 


Че stele НЕСЕ А?) se lars stat) 


(8.104) 
Fron 84. (8.104) we зат» 


х. me Бына ttes rv 
. a [emt tat at] sei] 
-а و‎ 1 Je во 0A 
+ 1678 в за 


106) 
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Yor a bean not vibrating, 1e., À = 0, and the expres- 
sion for the buckling 1584 can be obtained from Bq. (8.104) ast 


Аце B+ [escape | (0:100) * 


If the affect of shear Ancorention 18 пасы, ie 
45-0, 34-(9.106) төөнө tot 


1,05 б» pa (san) t (одот) 


which is same ва Ж. (2.77) derived by utilising Marshenko tor- 
aion theory. 


НЭЭ 
mation are neglected, 1e., а= 40-0, Ба (8:108) тілде 


A = Гаев засв ote Pat) + a? tf алов) 


which is same ва 3q. (2.78). 


в. Миша союз: 


‘The limiting conditions at which the combined influence 
Of the axial compressive 1984 ant elastic foundation on the tor= 
‘sional frequency becomes sero, for sone cases are ав followa! 


(1) gumzii-Sunsortad Pega: 


From зд, (8.44) wn get ten Letting оопа мола in thie 
omae. Thef are! 


(a) ва} «аллаа. (8.109) 
0) Ұ-озша (8.110) 
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(8) Pixsi-Pixsd Bean: Pron тл. (8.98) the limiting condition 
За thas case аге: 


(a) Үз у = ва (9.111) 
3/2 


= зка ЕТ 
өзе жа [ру 222 
(3) Bena fixed at one end end Simply supported at the othar! 
Fron 34. (8.104) the Mimiting conditions in this onse aret 


(a) 4 вау = Y5 xê (p.113) 


5 ya 
(b) ¥ 0.609 пя стт (вам) 
mer 


Дейна ef est of shear deforantion is neglected, 
O, Зав, (8.112) and (8.114) reduces to Eqo. (2,79) and (2,80) 
derived previously. 


For the above relations in various cases between Y and A 
‘there will be no influence of arini load and elastic founda- 
dion on the torsional frequency of vibration. This oan be 
observed to be dus to the opposite nature of their individual 
effects ant thoee indivi&uml effecta get mülified at these 
limiting conditions for various свян 
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8.9. EESULIS AND CONCLUSIONS: 

Та this section, the results obtained on IM 1130 Computer 
аге presented in Tables 8.1 to 8.16 tosahow the effects of тагі- 
Qus non-dimensional parameters on the buckling 10848 and torsional 
‘frequencies of simply supported, clazped-clanpei and clamped- 
aimply supported bees resting on elastic foundation. Hytenaivw 
design data tS mate available in these tables. The main inte 
Feat is to find the influences of shoar deformation and longitu 
іші inertia on the frequencies of vibration of a short thin- 
welled bons resting on gontinious alastio foundation and sübjeo- 
‘ted to an axial compressive lond. 


Tuo values of the torsional buokling 1584 A for the three 

boundary conditions are given in falle 8.1 for various values of 
‘the warping parameter К ала shear parameter а. It 14 well know 
‘that the effect of inorease in the value of К 4s to increase the 
‘buckling 1064 considerably. From Table 8.1, we observe that for 
жау constant value of K, the effect of increas: in the valve of 
9 ia to decrease the torsional buckling load, and that this те- 
düotion beoomes aignitiount for weluse of Ef 1. Alao, the e 
fest of shear deformation in reducing the buckling 1084 18 oom- 
Paritively considerable in clanped-slanped boang than in other 
p 


ha results showing the coabined effects of axial oonpra: 
sive 1984, longitudinal inertia and shear deformation on the firal 
four torsional frequencies (first set) are given in Tables 8.2, 

8.6 and 8.10, for values of К = 0.01 ам в = 84. The percentage 
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Feductions in the torsional frequencies due to increase in the — 
Axial compressive 1084 oan be observed from these tables to be 
lightly higher than those when the effects are neglected. 


The combined effect of elastic foundation, longitudinal 
inerkía and shear deforsetion on the first four torsional fre- 
QUenoies (first set) are shown in able, 8.7 and 8.11 for 
Values of K = 0.01 and в = 24. Fron these results it oan be 1 | 
noted that the percentage increase in the torsional frequencies 
due to elastic foundation is slightly more than those when the 
явволд order effects are neglected. The results presented in 
fables 8.4, 8.12 ant 8.13 show the combined 
festa of axial compressive 1084 and elastio foundation in sosbi- 
nation with the effects of longitudinal inertia and shear defor 
mation on the first and second, third and fourth torsional fre 
quencies (first set) of simply supported, olemped-clanped and 
Clanpei-sinply supported bomma respectively. It сап be obper- 
‘Yea fron these tables that tho cosbined effects are almost the 
Milssbroio sum of the individual influences of various effecta 
Фа the torsional frequancien of vibration, Tho resilts for the 
Modifying quotients for the first four modes of vibration for 
staply-eupported, clampei-slaspel, and olaspei-sisply aupporte: 
benna are respectively prevented in fables 8.14, 8.18 and 6.16 
for values of 8 = 0.10, 4 = 0.08 and for various values of A , 
У and К. Prom these results we observe that for amy set of 
шее of К ава ў, the influence of increase in the values of 
À in the range 0.0 to 3.0 18 to decrease the modifying 
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+ to increase ti 
of vibration) for various sodeg by about 25 percent. Рог аду 
constant set of values of Aand К, the effeot of inorense in 
‘the values of ¥ in the range O to 12 1а to inoreame the moAify- 
Ang quotients (i.e., to decrease the second ondor ef feats on 
‘the frequanoies of vibration) for various modes at the moat by 
18 peroent. Yor constant values of A andy, the effect of in- 
erensing the val 

Л modifying quotients for various moles by about 10 percent. 


jean omar effeote on the frequsnati 


of E from 1.0 to 10.0 19 to inorease the 


It da alao observed that, for constant values of К and Y , 
‘the reduction in the frequanoy of vibration at the firet node 
de quite considerable for values of A nearing A yy. Pron the 
Tarious resulta presented in this section, we can conclude that 
the effecta of shear deformation end longitudinal inertia on 
‘the toratonal frequencies at higher notes become tnaressingly 
Amportant for a boos with smaller values of warping pareseter К 
fant foundation parameter } ant for larger values ofA $ Д oy: 


The problem of torsional vibrations and stability of 
Lengthy thin-walled besna of spen section resting on Winkler 

Зурь elastic foundation is solvat in Chapter III utilising finite- 
flent method, Me stiffress, stability ant muse matri 
derived therein, doss not inolude the second order effects such’ 
As Longitudinal inertia and shear deformation, then 
E 


icon or- 
effects cannot be neglected in the case of short and deep 
thin-walled Deane and, as 18 shown in Chapter IY, they drasti- 


cally change the torsional frequencies at Higher modes of vib- 
ration. 


The Present chapter, therefore, ains at extending the 
finite element method presented in Chapter III to include the 
sffeote of Longitudinal пага ant shenr deformation, Пен 
Stifness, stability coefficient and mass matrices for a short 
OF deep thin-walled bean are developed in this Chapter, which 
include the effects of Longitudinal inertia and shear deforma- 
‘ton in addition to the effects of axial tine-invertant compres 
Sive 1084 and elastic foundation, The method developed herein 


eae 


A Paver by the author based on the results tron thie Ohar 
Чөвтөй to Journal of Applied Mechanios, Згелава ions 
of dies ase дыы об зо жук) 
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ie useful in Doth unifors and non-uniform beata with 
analysing а 


«лу ovapiex boundary contitions. The new stiffness юм stabi- 
Mity ooefficisnt matrices are nade ure of in conjunction with 


‘the constotant mass matrix for finding the torsional frequen- 

Gies, buckling loads and mode shapes of short uniform thin-malled 
beans with various end conditions. Results obtained for the onse 
Of а simply supported boas by the finite elesent method are con- 
Pared with the emot ones obtained in Chapter VIII and an excel- 


lent agreement is observed even for a coarse mub-divinton of the 
Doan. 


Subatituting 5. (5.1) into 3q.(8.1), the strain energy 
Чу, due to the Yinkler-type elastic 
а modified fom as: 


foundation can be written in 


Бини өл) 


Utilising Eqs. (9.14) and (3.1), the total strain energy 
V at any instant 4 including the effect of Winkler-type elastio 
foundation can be written in а modified form as: 
ATAT REN 


ا 


+ rug ota. 223 24 a 
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Substituting 24. (5.1) into Би. (8.5) the potential energy," 
W, due to the time-invariant artal compressive 1084 P oan be wri- 
tten tn а modifies form as: 


“ЇР өл 
ы 


The total Kinetic energy, T, at any tine t in the modified fom 
da given by: 6 


sul [ne E 2-4 (3 (oa) 


whioh is same аз Ба. (5.15). 


Jasept for the case of a freo end, the boundary condi- 
‘Hone for simply supported and fixed вода remain the suse за. 
those given by ав. (5.16) and (5.17). 


Yor the oase of a ''froo ond'', the modified natural 
boundary conditions for the present problem become: 


Aha во, эмс с 


The expressions for the strain energy U, potential energy 
Wand, Kinetic energy Th given by Зда, (9.2), (9.3) ала (9.4) гөө- 


Pectively, for ал element of length, 1, can be written as follows! 
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ung ЁО арау 
trip туш, „| “ (0.8) 


Pues өл 


- 
vil (ъв. 25273 “ өз) 


Direct substitution of Во, (8.24) to (5.30) into Eq 
(9-7) and (9.8) and the resulting expressions into Hamilton's pri- 
moiple, зд. (5.34), yields (for the Кең element): 


во Ы банан TA 
+} hat ib аа) 
+ f Ry HL tye 
ELS 
P [ena ка nae 


=" [Debating e Pts] 
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а ССТ 


а [Ае рвала 


дъна кама] 


.. (9.9). 


4 Ва (9.9) oan bo written more eonotusly ва followo: 


эв [eso Янь - өл х, 
Л 
+ «уша 5) ако (9.10) 


% Bq. (9.10) the torao (FIL) бұ, (ғ /1У ana (PI, /A1)R, 
denote respectively tho заав satrix My, the stiffnono matrix 
1 ала айну oooffiotent satrix Gy of the Nth olanont, Tho 
завнсөв Ву and 5, obtained horain are tno onmo ща (8.41) ana 
(6.43) reapectivety. the matstoan Kk, 


ER 


By aro nn follows: 


л) 
За “ 
stare 
m 
ви 4 ho 
Rat] sm? on ant 
WE oM x 


269 4 
E x 
а : 
zi (9.18) 
E 
where б 
. СЭ à E. 
wet ийн 
Баг Аа" dem айн ert 22 
ша и 4 


Following the proceduro outlined in Chapters ILI and Y, 
‘the equatione of motion for th» dlaorott: 
tainod from Eq. (0.10) an follow: 


m сап now be ob= 


[y= АРЕ СЪД + А Lar] СО an 


Where the non-dinenaional parano 
Bq. (8.47) and (3.48). 


АЯ ana 4 аге given by 


та а шілес way tho equations of equilibrium for the 
totally assembled bonn onn bo obtninod n 
rE 
[E-a ж] [91-Х [81 [8] (әла) 


whàro Е, 5, i and 2 denote tho totally asmenblei matrices corres 


ponding to the element matrices үр Sy, By and dy defined previ- 
ously. ; 
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9.5. ишда АЮ) ооитшэлощ. 


‘Results for the first and second sets of values of A? tor 
тагш а azia) 1564 pereseter д ала foundation perenstery) 
for eisply supported teens for values of К = 1.041, a = 0,045 
ft а = 0.025, are obtained on TR 1130 Computer ах Andhra Unt- 
versity, тале and are presented in Tables 9.1 and 9,2, 


In the onse of the first set of frequencies, the values of 
А obtained for the first four modes of vibration, for various 
values of y алад , for a division of the beam into ¥ = P and 3 
Seguente are shown in Table 9.1 and are compared with the exact 
Fouts obtained using the anxljsis presented in Chapter VIII, 
For, the second set, the valuse of obtained for the first four 
modes of vibration for ¥ = P and 3 are shown in Table 9.8 and 
Are compared with exact resulta. The emot regilto for the 
firat and second sete were obtained using Tq. (8.45). 


Prom Sables 9.1 and 9.2, 16 can be observed that, for ац 
the omte obtained ty finite element method even for 
TH) coarse mubtivietone of the bess, are in excellent agresnent 
Mith the emot ones. Да stiffnean ant maso matrices including 
shear deformation and longitudinal Inertia in addition to өкілі 
ond and elastic foundation, involve double the mambar of dego 
хөөв of freeton than thooe that exiat 1f the secondary effecta 
Raglediituice as many naturel frequencies result. In tables 

9.1 and 9.2 the lover ant higher spectrum of frequanctes of 
Supported benm are sexpectively listed. тва second 


271 
SHER MBER "HER "HER 


os 


oo 


os 


os 


өз 


оз 


React Hasulta. 


272 


"Hh SHH 


273 


exact ones, In Chapters IV and VIII these second sot of fre- 


quenoios are discussed їл detail. 


Aa 8 mentioned previously, resulta for other boundary con 
Aton can be ва Пу obtained using the above stiffness and 
mans matrices with шил changes in the Computer progran and 
‘the data. The advantage of using the finite ele 
bat a beam with non-uniform section omn alao be analysed by 


st method 18 


deviüing the benm into a number of segmento and павале oach 
aepnont has a constant orons section, This method provides us 
with an upper bound to the exact frequencies of the system and 
do quite general, ewiisfactorily enoonpasaing 811 boundary eon- 
aittona. 
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сартах 
Е o LITT OP momy зні. 
LIN RESTING om comp panoro 


104. Шаш: 
1% ia not uncomon, in structured design, to regard the 
blastic tuokling los of a slender structural menber аа ite failure 
1080, and to pay little attention to its post-buckling behaviour, 
However, sone etructurel mesbers, such аа simply supported thin 
Фина Loaded in osspresoicn, cox support Loads significantly grene 
der than their elastic critical 1овда without deflecting excess 
This reserve of strength after buckling 1а dus matniy to a redis- 
tribution of stress from the more flexible central aren of the 
Plate to the unlonded-edge regions ( /3.). On the other hanê, the 
2984 carrying capacity of sons thin shell etrmotures reduces api 
after buckling. Such a structure ís extrenely sensitiva to inper- 
fevtions ani Alsturtancas, and may efom excessively at oads 
much less than its elastic critics) load ( #5). Clearly, the 


Post buokling behaviour of а structural senber шау have а deoisive 
infiuence on the relation between 158 tuckling ead ultimate stren- 
Etha. 


The classiorl linear buckling theories ( 7 9) for elas- 
tic beans and columns necessarily prediot buckling at lona that 
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femain constant ав the buckling amplitudes increase, Baler (99) 
first investigated the clastic Flexural post-busieling behaviour of. 
solus in 1744, by using the exact expression for curvature in- 
Stond of the fasilier amall deflection approxinetion. This resul- 
ted in a post-buckling curvo thet rises so slowly that there 18 no 
‘elgnifioant tnorease in the lont-ourrying capacity until the defor 
mations become grosa. 


The non-linear behaviour of members in uniform torsion waa 
first investigated by Young (702) who considered ciroular cro 
sections. A related probles, the torsional stiffness of narrow 

Feotangular sections under uniforma axial tension, wan examined by 
Buckley (14 ) ant 


er (102) investigated the non-linear beha- 
уйлаг of marrow rectangular strine in pure torsion. later, Cull 
more (2! ) studied the behaviour of thin-walled T ant 2 section, 
Weber and Cullinors showet that the torsional stiffness imoresaes 
with the twist, and that this is due to a aysten of stresses aot- 
ing along the helical fibres of the twisted mesber. The stre 
Ayeten 48 self equiltbrating so that the outer fibres are in ten- 
Sion and the fibres cloner tn the twist nxio aro in oospeensian, 


Although Gulliaore correctly derived the result for nar- 
Tow rectangular menbers his expreosion for the non-linear torque 
conponent for І anà Z sections 18 in doubt, because he used a 
constant lever arm, to obtain the torque contributed by the flange, 
instead of в variablo lever ara, witch is the distance fron the 
‘twist axia to any point on the flange. Furthermore, his agmuap- 
ton of very thin walls 16640 t2 sone inaccureolos whan аура. 
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to the Т ала  oootions їп comon use. A moze accurate theory of 
non-linear non-unifora torsion af thin-walled beane of open section 
18 presented by Teo and Ghobarch (/OS) using the prinoiple of nint- 
mum potential energy. Meir theory takes into account the effect 
Of largo torsional deformation ant allows very general loading and 
boundary conditions. 


ї сал b 


on that thoro io a surprising pauoity of work 
өв the elaetio toraiojal pont-buskling behaviour of (oubly арааг. 
mio bonno, in oouparison with the extonaive work on other struo= 
tures (45). In particular, the behaviour of siamy-aupported and 
claspei beams and of I-section енбего reating on ¢ontimoun elas 


fle foundation has not been investigated. The purpose of the pre 
sont Chapter, then, а to study theoretically the elestioal ter 
sional post-buokting behaviour of statically deterainste beans of 
Tomotion resting on contimous Winkler type elastic foundation. 


10,2. OF GOTE DIFTSRTSTIAL вото AND золу 


pod 


Consider в. thin-walled boss of dowbly-aymnetric open oro, 


tion subject to axial cospressive 1084. The relationship b 
ween tho total tarqua T, and the corresponding angle of twist И in 
Pure elastic torsion of а unifora thin-walled bean 18 given by 
Beint-Venant aa: 


дек, 4 бол) 


Tn the case of non-uniform toreicn, 34.(10.1) 18 extended to allow 
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ЖЭ 20.2) 
The above 84-(10-27 gives reasonable resulte for амдаа of triat 
„Approximately no greater than ©. 


Bxperinental results obtained by Goodier ( SP) fron teste 
have show good qualitative, tit poor quantitative, agreement with 
the theoretical conclusions fron Ва.(10.2). If one examines the 

өзе of Weber (7630, Gregory ( АЗ), Terrington (97) and т 
ana Ghobersh (Jod, it cen be seen that а. (10.2) 18 not complete 
Злога as there La в further torque oonponent tera to be conai- 
гей. тыз term 18 dun to the ‘shortening effert! arising fron 

torsion, degoribed by Weber (103) and allowed for by Gregory (42) 
5 ала, Tao ant Ghobarah (005). Allowing for thin cosponent of tor- 
que, Bq. (10.2), becom В 


= 00, $f - m, DY d ава) 


where Р 18 a constant dependent on стон 
fined by 


ject sonal properties and 


2 
LEA) 0.4) 

An whioh ly, ia half tha polar nosent of inertie about the sheer 

чөмөг and 16 the fourth sosent of inertia about the shear center. 


1а the case of a thin-walled doubly aymotrio T-bean of 
flange ani web thicknasses t, and t, respectively; height between 
‘the centerlines of the flanges h, flange width by, and flange ant 
Я web thicknessas 


ing авшший аз mall compared with height h, 4. 
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% < hy ам t, <C в, the gessetrio properties in 4.(10.4) сан 
be ovalunted as follows (Jo): 


"ips 
SONS шз 


% 


For а bean restingrcontinuous Winkler type elastic foundation and 


= алы) бйз ар» өрі (10.6) 


subjected to an axial compressive 1044 Р, we have 


ки вол) 


‘Substituting Bq. (10.3) In 34.(10.7) the goveming non-linear aif- 
ferential equation can be obtained ван 


бр f o Fy о alo шы 


“= 


The boundary conditions associate with this problem are as follows! 


(10,9) 


(10.10) 
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зо, - argh”. (a0, 72) -о пола) 


The general solution of Ва. (10.8) can be obtained by mu 

пегісеі methods using computer techniques. However, for the pur- 
рове of this thesis, approximate solutions аге obtained for simply 
supported and clamped beans using üelerkin's 


10.5. SIMPLY SUPPORTED Шш: 


For а beam simply supported st both ends, the Ъофлалгу 
conditions are: 


код. 


йлошай! 


озго (10.12) 


, ГЕТГЕН (10.15) 


where prines denote differentiation with respect to the dinsnalon= 
less length 5 = s/b. 


Bq. (10.8) oan be written in non-dimensional form ез: 


D 


where 


(Pat) 876459 eo (аваа) 


Baro, (10.18) 


To solve Bq. (10.14) by Galerkin's method, the angle of 
‘twist 8(2) 18 asauned to be of the form 
2) = fu) (0.16) 


where Й 18 the toreionel кәріге ant а a function of 1. Sinos 
1С тілі be an approximate function nssusel to satiety the boundary 
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Conditions, by substituting 84. (10.16) im Bq- (10.14), an error 
х Сало. ba obtained за: 


eat Е 


айас". 2-20) eal tx | 017) 


Yor mininising the error С, the Galerkin's Integral (74) за 


Ta 
féxa-o ваа) 


To satisfy the boundary conditions, Ба. (10.12) and (10.13), 
те өлше 


жа) «зас (10.19) 


Substituting Ван. (10.17) вла (10.19) into Ва. (10.48), we 
| obtain the expression for the torsional post-buokling load for a 
simply supported bees 


j А ar ea ат? + Ge) FEF (10.20) 


The corresponding 1inear torsional buckling 15а 18 given by (See 
(т) 


Өд харыг (10,21) 


Hence, the ratio оғ the non-linear buckling 1084 to Linear 
buskling 1604 18 given by 


аз 
АЁ” з REA (0.22) 


Ja the absence of elastic foundation, t.e., Y = о, Ва. (10:22) 
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тәмен to 
2 
РА St 
те -Е- |. | (10.28) 
a 52 ) 
10.4. шр вын: 


Tue boundary conditions for a bean clanped at both the 
ene are: 


%-0 ам И =0 ант-о (0.24) 


4-0 ам '-o жїз (10.25) 1. 
To satiafy tho above conditions, the function. (2) can be 
жама авг 


2008) = Ға-оө га) (10.26) 


Babetitutinz Зо. (10:17) and (10.26) into By. (10.10) we 
obtain the expresaion for the torsional post-bucl ing 1004 for a 


lapped boas ant 
ате най оза сиз (10.27) 


The corresponiin linear toroional buokling 1504 for a 
clamped bean фе (See 2.8.74) 


2 T 
Al rH rat ay tpt (10.28) 


Hence, the ratio of the non-linser buckling 1004 to linear 
DuckLing loea 18 given by 
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ғ... ЕР 
x. Мад - | + г [TI (10.29) 


Та the absence of elastic foundation, 10., ¥ = 0, 
reduces to 


(10.30) 


